
"�b2b /2 /QMMû2b `2H�iBQMM2HH2b
Ŀ G2b i`�Mb�+iBQMb ŀ

:X _�b+?B�
.�i2 /2 H� /2`MBĕ`2 KQ/B}+�iBQM , Re D�MpB2` kyRN

.TiX AL6P ě SQHvi2+? L�Mi2b

[h`�/m+iBQM HB#`2 /2b TH�M+?2b /2 ai2p2M q?�M;- ai�M7Q`/ U+Qm`b *ak98V]

R

�m K2Mm

_2T`Bb2 bm` T�MM2

aû`B�HBb�#BHBiû

kSG

�`#`2b 2i ?Bû`�`+?B2b

o2``QmBHH�;2 T?vbB[m2

�m@/2H¨ /2 H� bû`B�HBb�#BHBiû

S`QiQ+QH2b QTiBKBbi2b

k

_2T`Bb2 bm` T�MM2

AMiû;`Biû MêR

*Q``2+iBQM /2b /QMMû2b
PM p2mi [m2 H2b /QMMû2b bQB2Mi +Q?û`2Mi2b Qm +Q``2+i2b ¨ iQmi
BMbi�Mi

1JS4

LQK �;2
�HB+2 8k
"Q# j9kR
*?�`HB2 R

j



AMiû;`Biû Mêk

*Q?û`2M+2 pBb@¨@pBb /2b +QMi`�BMi2b /ǶBMiû;`Biû

Ç G2b /QMMû2b /QBp2Mi b�iBb7�B`2 /2b T`û/B+�ib
Ç Zm2H[m2b 2t2KTH2b ,

Ç s 2bi mM2 +Hû /2 H� `2H�iBQM _
Ç G� /7 s→ u 2tBbi2 /�Mb _
Ç dom(s) = {tR, tk, tj}
Ç α 2bi mM BM/2t p�HB/2 bm` _.s
Ç Ŀ �m+mM 2KTHQvû M2 /QBi ;�;M2` THmb /2 /2mt 7QBb H2 b�H�B`2

KQv2M ŀ

9

_2Tĕ`2b

.û}MBiBQMb

Ç úi�i +Q?û`2Mi , [mB b�iBb7�Bi iQmi2b H2b +QMi`�BMi2b
Ç "/. +Q?û`2Mi2 , /�Mb mM ûi�i +Q?û`2Mi
Ç _ûbBHB2M+2 , +�T�+Biû /ǶmM2 "/. ¨ /2K2m`2` +Q?û`2Mi2

8

S`QT`Bûiû `2[mBb2

�X *Q?û`2M+2 AX.X
hQmi2 i`�Mb�+iBQM `2bT2+i2 H2b +QMi`�BMi2b /ǶBMiû;`Biû /2 H� #�b2 /2
/QMMû2b

e

lM2 `ûb2`p2

*Q``2+iBQM pbX +QMi`�BMi2b
G� b�iBb7�+iBQM /2 HǶ2Mb2K#H2 /2b +QMi`�BMi2b /û+H�`û2b M2 bB;MB}2
T�b H� Ŀ +Q``2+iBQM BMiû;`�H2 ŀ /2b /QMMû2b

1t2KTH2 U*QMi`�BMi2 /2 i`�Mb�+iBQMV

Ç § +?�[m2 KBb2 ¨ DQm` , MQmp2�m b�H�B`2 > �M+B2M b�H�B`2
Ç § +?�[m2 bmTT`2bbBQM /2 +QKTi2 , bQH/2 4 y

d



"`B+QH�;2

úKmH�iBQM T�` /2b +QMi`�BMi2b bBKTH2b

*PJSh14

A/ Ę aQH/2 amTT`
R Ę kyy 6
k Ę @98y 6
j Ę y o
9 Ę y 6

Ç *QMi`�BMi2 , UamTT` 4 o`�BV ⇒ UaQH/2 4 yV

3

lM2 �mi`2 bBim�iBQM

1t2KTH2 U*QMi`�BMi2b BKTHB+Bi2bV
G� #�b2 /2 /QMMû2b 2bi `ûTmiû2 `2T`ûb2Mi2` H2 KQM/2 `û2HĘ

Base de données Réalité

_ûbB;MQMb@MQmb
J�H;`û iQmi- QM +QMiBMm2 ¨ miBHBb2` H2b +QMi`�BMi2b /ǶBMiû;`Biû

N

J�BMiB2M /2 H� +Q?û`2M+2

P#b2`p�iBQM H� "/. M2 T2mi T�b āi`2 +Q?û`2Mi2 ¨ iQmi BMbi�Mi 5

1t2KTH2
aQBi H� +QMi`�BMi2 (+R + +k + . . .+ +M = Σ) c

Ç .ûTƬi /2 Ryye bm` +k
RX +k ← +k + Ryy
kX Σ← Σ+ Ryy

Ry

úi�i i`�MbBiQB`2

1t2KTH2 UbmBi2V

Ę
+k
Ę
Σ

Ę
8y
Ę
dyy

−→

Ę
R8y
Ę
dyy

−→

Ę
R8y
Ę
3yy

RR



J�Bb �HQ`bĘ

h`�Mb�+iBQM
1Mb2K#H2 /ǶQTû`�iBQMb bm` H� "/. [mB T`ûb2`p2 b� +Q?û`2M+2

BD cohérente BD cohérente

T

Rk

G2 #X�X@#�

>vTQi?ĕb2 7Q`i2
aB h /ûK�``2 /�Mb mM ûi�i +Q?û`2Mi 2i h bǶ2tû+mi2 b2mH2-
�HQ`b h i2`KBM2 /�Mb mM ûi�i +Q?û`2Mi

Rj

lM T2m THmb /2 b2Mb

�m bmD2i /2 H� +Q``2+iBQM

Ç aB HǶQM ;ĕH2 HǶ2tû+miBQM /2b i`�Mb�+iBQMb- 2i �T`ĕb H� }M /2
iQmi2 i`�Mb�+iBQM 2M +Qm`b- H� "/. 2bi +Q?û`2Mi2

Ç *?�[m2 i`�Mb�+iBQM pQBi mM ûi�i +Q?û`2Mi /2 H� "/.

R9

G2b T`Q#HĕK2b

Zm2Hb ûpûM2K2Mib +QM/mBb2Mi ¨ pBQH2` H2b +QMi`�BMi2b \

Ç 1``2m` /2 H� i`�Mb�+iBQM Qm /m T`Q;`�KK2
Ç 1``2m` /m bvbiĕK2 /2 ;2biBQM /2 #�b2b /2 /QMMû2b
Ç S�MM2 K�iû`B2HH2

Ç +`�b? /Bb[m2 [mB �Hiĕ`2 HǶû[mBHB#`2 /2b +QKTi2b
Ç S�`i�;2 /2b /QMMû2b

Ç hR �m;K2Mi2 /2 RyW H2 b�H�B`2 /2b /ûp2HQTT2m`b
Ç hk T`QK2mi H2b /ûp2HQTT2m`b 2M /2p@QTb

R8



G2b bQHmiBQMb

*QKK2Mi T`ûp2MB`f+Q``B;2` H2b pBQH�iBQMb /2 +QMi`�BMi2 \

Ç h`�Bi2K2Mi 2M +�b /2 /û7�BHH�M+2 UQm T�MM2V
Ç h`�Bi2K2Mi 2M +�b /2 +QM+m``2M+2 /Ƕ�++ĕb
Ç h`�Bi2K2Mi +QMDQBMi /û7�BHH�M+2f+QM+m``2M+2

Re

>Q`b@+?�KT

G2b i?ĕK2b [mB û+?�TT2Mi ¨ MQi`2 ûim/2

Ç ú+`Bim`2 /2 i`�Mb�+iBQMb +Q``2+i2b
Ç *QMbi`m+iBQM /2 a:". +Q``2+ib
Ç o�HB/�iBQM 2i `ûT�`�iBQM /2 +QMi`�BMi2b

Ç G2b bQHmiBQMb ûim/Bû2b /�Mb +2 +?�TBi`2 M2 `2[mBĕ`2Mi T�b H�
+QMM�Bbb�M+2 /2b +QMi`�BMi2b

Rd

_2T`Bb2 bm` T�MM2

G2b 7QM/2K2Mib
G2 KQ/ĕH2 /2 T�MM2

úpûM2K2Mi

.ûbB`û

LQM /ûbB`û

S`ûpm

LQM T`ûpm

R3

G2 K�iû`B2H 2M D2m

a+?ûK� i2+?MB[m2 bBKTHB}û

CPU

M
D

processeur

mémoire
disque

RN



T~B

hvTQHQ;B2 /2b ûpûM2K2Mib

Ç úpûM2K2Mi /ûbB`û , +7X ;mB/2 miBHBb�i2m`Ę
Ç úpûM2K2Mi MQM /ûbB`û K�Bb T`ûpm ,

Ç "m; /2 T`Q;`�KK2 , �MMmH�iBQM /2 i`�Mb�+iBQM
Ç 1``2m` bvbiĕK2 , T2`i2 /2 KûKQB`2- �``āif`ûBMBiB�HBb�iBQM *Sl

HBKBi2 /2 T`Bb2 2M +?�`;2

Ç úpûM2K2Mi MQM /ûbB`û 2i MQM T`ûpm , hQmi H2 `2bi2 5
Ç S2`i2 /2 KûKQB`2 b�Mb �``āi *Sl
Ç S2`i2 /2 /QMMû2b bm` /Bb[m2
Ç AKTHQbBQM *Sl [mB �Mû�MiBi HǶmMBp2`bĘ

ky

*`û/B#BHBiû

*2 KQ/ĕH2 2bi@BH `�BbQMM�#H2 \

Ç �TT`Q+?2 ,
�DQmi2` /2b +QMi`ƬH2b 2i /2 H� `2/QM/�M+2 �m bvbiĕK2 TQm`
�m;K2Mi2` H� T`Q#�#BHBiû /2 `û�HBb�iBQM /m KQ/ĕH2

Ç S�` 2t2KTH2 ,
Ç _ûTHB+�iBQM /2b mMBiûb /2 biQ+F�;2
Ç JûKQB`2 �p2+ #Bi /2 T�`Biû
Ç *QMi`ƬH2 /m *Sl

kR

a2+QM/ ûHûK2Mi /ûi2`KBM�Mi

G� ?Bû`�`+?B2 /2b KûKQB`2b

mémoire
disque

kk

.2 HǶmM ¨ HǶ�mi`2

G2b QTû`�iBQMb

Ç 2Mi`ö2(t) , T�;2 +QMi2M�Mi t → KûKQB`2
Ç bQ`iB2(t) , T�;2 +QMi2M�Mi t → /Bb[m2
Ç HB`2(t, i) , 2Mi`ö2(t) bB Mû+2bb�B`2- TmBb

i← p�H2m` /2 t /�Mb H� T�;2 +?�`;û2
Ç ö+`B`2(t, i) , 2Mi`ö2(t) bB Mû+2bb�B`2- TmBb

p�H2m` /2 t /�Mb H� T�;2 +?�`;û2 ← i

LQi�iBQM , AL(t) Plh(t) _(t, i) q(t, i)

kj



S`Q#HĕK2 +Hû

h`�Mb�+iBQM MQM i2`KBMû2

1t2KTH2
aQBi H� +QMi`�BMi2 � = " c

hR : �← �× k
"← "× k

k9

�p2+ T�MM2

SQm`bmBi2 /2 HǶ2t2KTH2

hR : _(�, i); i← i× k
q(�, i);
_(", i); i← i× k
q(", i);
Plh(�);

⟨⟨ T�MM2 5 ⟩⟩
Plh(");

JûKQB`2
� : 3/ Re
" : 3/ Re

.Bb[m2
� : 3/ Re
" : 3

k8

S`QT`Bûiû `2[mBb2

�iQKB+Biû *XAX.X
1tû+miBQM /2 iQmi2b H2b QTû`�iBQMb /ǶmM2 i`�Mb�+iBQM- Qm �m+mM2

ke

lM2 T`2KBĕ`2 bQHmiBQM

CQm`M�HBb�iBQM TQm` Ŀ .û7�B`2 ŀ UlM/Q GQ;;BM;V
S`BM+BT2 _2i2MB` BMbi�Mi�MûK2Mi +?�[m2 KQ/B}+�iBQM

Ç P`B;BM2 , 6BH /Ƕ�`B�M2
Ç CQm`M�H /2b Ŀ BK�;2b �p�Mi ŀ

1/r�`/ "m`M2@CQM2b- hBH2 .2bB;M @ h?2b2mb �M/ i?2 JBMQi�m` BM i?2 G�#v`BMi? UR3eRV

kd



am` HǶ2t2KTH2

CQm`M�HBb�iBQM BMbi�Mi�Mû2 /2b KQ/B}+�iBQMb

1t2KTH2
aQBi H� +QMi`�BMi2 � = " c

hR : �← �× k
"← "× k

k3

am` HǶ2t2KTH2

�p2+ DQm`M�HBb�iBQM 2ti2`M2

hR : _(�, i); i← i× k
q(�, i);
_(", i); i← i× k
q(", i);
Plh(�);

Plh(");

JûKQB`2
� : 3/ Re
" : 3/ Re

.Bb[m2
� : 3/ Re
" : 3/ Re

CQm`M�H
⟨hR, bi�`i⟩
⟨hR,�, 3⟩
⟨hR,", 3⟩
⟨hR, +QKKBi⟩

kN

S�b bB bBKTH2

Jû+�MBbK2 /Ƕû+`Bim`2

Ç GǶ2M`2;Bbi`2K2Mi /m DQm`M�H 2bi /Ƕ�#Q`/ û+`Bi 2M KûKQB`2
Ç S�b /Ƕû+`Bim`2 bm` /Bb[m2 ¨ +?�[m2 QTû`�iBQM

JûKQB`2
� : 3/ Re
" : 3/ Re
⟨hR, bi�`i⟩
⟨hR,�, 3⟩
⟨hR,", 3⟩

.Bb[m2
� : 3/ Re
" : 3

CQm`M�H

úi�i BM+Q``2+i OR
CQm`M�H BM+QKTH2i

aQHmiBQM ,
ú+`Bim`2 /�Mb H2 DQm`M�H �p�Mi H�
KX¨XDX bm` /Bb[m2

jy

�mi`2 T`Q#HĕK2

*QM}`K�iBQM /2 H� i`�Mb�+iBQM

JûKQB`2
� : 3/ Re
" : 3/ Re
⟨hR, bi�`i⟩
⟨hR,�, 3⟩
⟨hR,", 3⟩
⟨hR, +QKKBi⟩

.Bb[m2
� : 3/ Re
" : 3

CQm`M�H
⟨hR, bi�`i⟩
⟨hR,�, 3⟩
⟨hR,", 3⟩
⟨hR, +QKKBi⟩

úi�i BM+Q``2+i Ok
CQm`M�H 2M �p�M+2

aQHmiBQM ,
J�`[m2 +QKKBi /m DQm`M�H �T`ĕb
H2b û+`Bim`2b bm` /Bb[m2

jR



S`QT`Bûiû `2[mBb2

�X*XAX .m`�#BHBiû
GǶ2z2i /2 iQmi2 i`�Mb�+iBQM +QM}`Kû2 UK�`[m2 +QKKBiV /QBi
T2`bBbi2`

jk

G2 T`QiQ+QH2

_ĕ;H2b /2 H� DQm`M�HBb�iBQM TQm` Ŀ /û7�B`2 ŀ

RX SQm` +?�[m2 QTû`�iBQM- ;ûMû`2` mM 2M`2;Bbi`2K2Mi /2 DQm`M�H
�p2+ HǶ�M+B2MM2 p�H2m` /2 t

kX �p�Mi H� KX¨XDX /2 t bm` /Bb[m2- H2b 2M`2;Bbi`2K2Mib /m DQm`M�H
+QM+2`M�Mi t /QBp2Mi āi`2 û+`Bib bm` H2 /Bb[m2 , T`BM+BT2 q�G
Uq`Bi2@�?2�/ GQ;;BM;V

jX �p�Mi [m2 H2 +QKKBi bQBi �DQmiû �m DQm`M�H- iQmi2b H2b
û+`Bim`2b /2 H� i`�Mb�+iBQM /QBp2Mi āi`2 `û�HBbû2b bm` H2 /Bb[m2

jj

*QKK2Mi bǶ2M b2`i@QM \

_ĕ;H2b /2 `2T`Bb2 �p2+ DQm`M�HBb�iBQM TQm` Ŀ /û7�B`2 ŀ

Ç SQm` +?�[m2 hB �v�Mi mM 2M`2;Bbi`2K2Mi ⟨hB, bi�`i⟩ /�Mb H2
DQm`M�H ,

Ç aB ⟨hB, +QKKBi⟩ Qm ⟨hB, �#Q`i⟩ �HQ`b M2 `B2M 7�B`2
Ç aBMQM

SQm` +?�[m2 ⟨hB,s, p⟩ /�Mb H2 DQm`M�H , q(s, p) c Plh(s)

ú+`B`2 ⟨hB, �#Q`i⟩ /�Mb H2 DQm`M�H

1bi@+2 +Q``2+i \

j9

SHmb 2t�+i2K2Mi

oû`Bi�#H2b `ĕ;H2b /2 `2T`Bb2

RX aQBi a 4 2Mb2K#H2 /2 i`�Mb�+iBQMb �p2+ ⟨hB, bi�`i⟩ /�Mb H2
DQm`M�H 2i MB ⟨hB, +QKKBi⟩ MB ⟨hB, �#Q`i⟩ c

ff i`�Mb�+iBQMb 2M +Qm`b /Ƕ2tû+miBQM
kX SQm` +?�[m2 ⟨hB,s, p⟩ /m DQm`M�H- 7�B`2 /�Mb HǶQ`/`2

�Miû+?`QMQHQ;B[m2 , ff THmb `û+2Mi →THmb �M+B2M
aB hB ∈ a �HQ`b q(s, p) c Plh(s)

jX SQm` +?�[m2 hB ∈ a- û+`B`2 ⟨hB, �#Q`i⟩ /�Mb H2 DQm`M�H

j8



lM2 /2`MBĕ`2 T`û+BbBQM

Zm2biBQM
1bi@+2 [m2 H2b 2M`2;Bbi`2K2Mib ⟨hB, �#Q`i⟩ Uûi�T2 jV T2mp2Mi āi`2
7�Bib /�Mb mM2 Q`/`2 [m2H+QM[m2 \

1t2KTH2 UhR 2i hk û+`Bp2Mi �V

Ç hR 2bi 2tû+miû �p�Mi hk

Ç hR 2i hk bm#Bbb2Mi mM `QHH@#�+F
Ç ⟨hR, �#Q`i⟩ 2bi û+`Bi K�Bb T�b ⟨hk, �#Q`i⟩ \
Ç ⟨hk, �#Q`i⟩ 2bi û+`Bi K�Bb T�b ⟨hR, �#Q`i⟩ \

hR û+`Bi �
•

hk û+`Bi �
• i2KTbfHQ;

je

*?2`+?2` H� T2iBi2 #āi2

Zm2 b2 T�bb2@i@BH bB mM2 T�MM2 bm`pB2Mi T2M/�Mi H� `2T`Bb2 \
�m+mM T`Q#HĕK2 5

GǶQTû`�iBQM /2 `2T`Bb2 ¨ T�`iB` /ǶmM DQm`M�H TQm` Ŀ /û7�B`2 ŀ 2bi
B/2KTQi2Mi2

mM/Q(mM/Q) = mM/Q

jd

G2 `2bi2 ¨ pQB`

Ç CQm`M�H /2b Ŀ BK�;2b �T`ĕb ŀ
Ç CQm`M�H Ŀ �p�Mif�T`ĕb ŀ- [m2H �p�Mi�;2 \
Ç PTû`�iBQMb /2 H� p`�B2 pB2
Ç SQBMib /2 `2T`Bb2
Ç *`�b? /Bb[m2

j3

JBb2@¨@DQm` /Bzû`û2

CQm`M�HBb�iBQM TQm` Ŀ `27�B`2 ŀ U_2/Q GQ;;BM;V
CQm`M�H /2b Ŀ BK�;2b �T`ĕb ŀ

hR : _(�, i); i← i× k
q(�, i);
_(", i); i← i× k
q(", i);
Plh(�);

Plh(");

JûKQB`2
� : 3/ Re
" : 3/ Re

.Bb[m2
� : 3
" : 3

CQm`M�H
⟨hR, bi�`i⟩
⟨hR,�, Re⟩
⟨hR,", Re⟩
⟨hR, +QKKBi⟩

jN



CQm`M�H /2b Ŀ BK�;2b �T`ĕb ŀ

hR : _(�, i); i← i× k
q(�, i);
_(", i); i← i× k
q(", i);
Plh(�);

Plh(");

JûKQB`2
� : 3/ Re
" : 3/ Re

.Bb[m2
� : 3/ Re
" : 3/ Re

CQm`M�H
⟨hR, bi�`i⟩
⟨hR,�, Re⟩
⟨hR,", Re⟩
⟨hR, +QKKBi⟩

9y

CQm`M�H /2b Ŀ BK�;2b �T`ĕb ŀ

hR : _(�, i); i← i× k
q(�, i);
_(", i); i← i× k
q(", i);
Plh(�);

Plh(");

JûKQB`2
� : 3/ Re
" : 3/ Re

.Bb[m2
� : 3/ Re
" : 3/ Re

CQm`M�H
⟨hR, bi�`i⟩
⟨hR,�, Re⟩
⟨hR,", Re⟩
⟨hR, +QKKBi⟩
⟨hR, 2M/⟩

9R

G2 Kû+�MBbK2

_ĕ;H2b /2 H� DQm`M�HBb�iBQM TQm` Ŀ `27�B`2 ŀ

RX SQm` +?�[m2 QTû`�iBQM- ;ûMû`2` mM 2M`2;Bbi`2K2Mi /2 DQm`M�H
�p2+ H� MQmp2HH2 p�H2m` /2 t

kX �p�Mi H� KX¨XDX /2 t bm` /Bb[m2- H2b 2M`2;Bbi`2K2Mib /m DQm`M�H
+QM+2`M�Mi mM2 i`�Mb�+iBQM �v�Mi KQ/B}û t- /QMi H2b +QKKBi-
/QBp2Mi āi`2 û+`Bib bm` H2 /Bb[m2

jX 1M`2;Bbi`2` H2 DQm`M�H bm` /Bb[m2 HQ`b[mǶmM2 i`�Mb�+iBQM 2bi
+QKKBb2 , T`BM+BT2 6G�* U6Q`+2 GQ;;BM; �i *QKKBiV

9X ú+`B`2 mM 2M`2;Bbi`2K2Mi ⟨hB, 2M/⟩ �T`ĕb [m2 H2b KQ/B}+�iBQMb
/2 H� ". QMi ûiû `û�HBbû2b bm` H2 /Bb[m2

9k

1i bQM mb�;2

_ĕ;H2b /2 `2T`Bb2 �p2+ DQm`M�HBb�iBQM TQm` Ŀ `27�B`2 ŀ

Ç SQm` +?�[m2 hB �v�Mi mM 2M`2;Bbi`2K2Mi ⟨hB, +QKKBi⟩ /�Mb H2
DQm`M�H ,

Ç SQm` +?�[m2 ⟨hB,s, p⟩ /�Mb H2 DQm`M�H , q(s, p) c Plh(s)

1bi@+2 +Q``2+i \

9j



�p2+ mM T2m /2 `B;m2m`

G2b `ĕ;H2b +Q``2+i2b

RX aQBi a 4 2Mb2K#H2 /2 i`�Mb�+iBQMb �p2+ ⟨hB, +QKKBi⟩ U2i T�b
/2 ⟨hB, 2M/⟩V /�Mb H2 DQm`M�H c

ff i`�Mb�+iBQMb +QM}`Kû2b K�Bb MQM /m`�#H2b
kX SQm` +?�[m2 ⟨hB,s, p⟩ /m DQm`M�H- 7�B`2 /�Mb HǶQ`/`2

+?`QMQHQ;B[m2 , ff THmb �M+B2M →THmb `û+2Mi
aB hB ∈ a �HQ`b q(s, p) c Plh(s)

jX SQm` +?�[m2 hB ∈ a- û+`B`2 ⟨hB, 2M/⟩ /�Mb H2 DQm`M�H

99

*�b /2b Q#D2ib +?�m/b

aû[m2M+2 /Ƕ2M`2;Bbi`2K2Mib ⟨hB, 2M/⟩
PM bQm?�Bi2 /Bzû`2` HǶû+`Bim`2 bm` /Bb[m2 TQm` H2b Q#D2ib
7`û[m2KK2Mi KBb ¨ DQm`

aQBi s H2 bQH/2 /ǶmM +QKTi2 c
hR , ĘKX¨XDX sĘ
hk , ĘKX¨XDX sĘ
hj , ĘKX¨XDX sĘ
h9 , ĘKX¨XDX sĘ

PTû`�iBQMb ,
q(s); [Plh(s)] ff hR
q(s); [Plh(s)] ff hk
q(s); [Plh(s)] ff hj
q(s); Plh(s) ff h9
⟨2M/⟩ `2;`QmTûb

98

G� bQHmiBQM

G2b TQBMib /2 `2T`Bb2 U+?2+FTQBMiV
�m HB2m /Ƕû+`B`2 /�Mb H2 DQm`M�H /2b 2M`2;Bbi`2K2Mib ⟨hB, 2M/⟩- 7�B`2
Tû`B/Q[m2K2Mi ,

RX L2 THmb �++2Ti2` /2 MQmp2HH2b i`�Mb�+iBQMb
kX �ii2M/`2 H� }M /2b i`�Mb�+iBQMb 2M +Qm`b /Ƕ2tû+miBQM
jX ú+`B`2 iQmb H2b 2M`2;Bbi`2K2Mib /2 DQm`M�H bm` H2 /Bb[m2
9X ú+`B`2 iQmi2b H2b KQ/B}+�iBQMb bm` /Bb[m2 UT`ûb2`p2` HǶBK�;2V
8X AM/B[m2` mM TQBMi /2 `2T`Bb2 ⟨*S⟩ /�Mb H2 DQm`M�H Ubm` /Bb[m2V
eX _2T`2M/`2 H2 i`�Bi2K2Mi /2b i`�Mb�+iBQMb

9e

AHHmbi`�iBQM

1t2KTH2 UZm2 7�B`2 HQ`b /ǶmM2 `2T`Bb2 \V
CQm`M�H /2b Ŀ BK�;2b �T`ĕb ŀ Ubm` /Bb[m2V

Ę
⟨hR,�, Re⟩

Ę
⟨hR, +QKKBi⟩

Ę
⟨*S⟩

Ę

Ę
⟨hk,", Rd⟩

Ę
⟨hk, +QKKBi⟩

Ę
⟨hj,*, kR⟩

Ę
Ŀ +`�b? 5 ŀ

("← Rd) +�` hR � 2m HB2m �p�Mi ⟨*S⟩ 2i hj MǶ2bi T�b +QM}`Kû2

9d



AHHmbi`�iBQM

1t2KTH2 UZm2 7�B`2 HQ`b /ǶmM2 `2T`Bb2 \V
CQm`M�H /2b Ŀ BK�;2b �T`ĕb ŀ Ubm` /Bb[m2V

Ę
⟨hR,�, Re⟩

Ę
⟨hR, +QKKBi⟩

Ę
⟨*S⟩

Ę

Ę
⟨hk,", Rd⟩

Ę
⟨hk, +QKKBi⟩

Ę
⟨hj,*, kR⟩

Ę
Ŀ +`�b? 5 ŀ

("← Rd) +�` hR � 2m HB2m �p�Mi ⟨*S⟩ 2i hj MǶ2bi T�b +QM}`Kû2

9d

hQmi MǶ2bi T�b `Qb2

AM+QMpûMB2Mi /m DQm`M�H /2b Ŀ BK�;2b �p�Mi ŀ
Ŀ 6Q`+2 ŀ , #2bQBM /Ƕû+`B`2 bm` /Bb[m2 /ĕb [mǶmM2 i`�Mb�+iBQM 2bi
+QM}`Kû2 UK�`[m2 +QKKBiV

AM+QMpûMB2Mi /m DQm`M�H /2b Ŀ BK�;2b �T`ĕb ŀ
Ŀ LQ ai2�H ŀ , #2bQBM /2 +QMb2`p2` iQmi2b H2b T�;2b KQ/B}û2b 2M
KûKQB`2 Dmb[mǶ¨ +2 [m2 H� i`�Mb�+iBQM bQBi +QM}`Kû2

93

SQHBiB[m2 /Ƕû+`Bim`2 bm` /Bb[m2

P#D2+iB7 Ŀ ai2�HfLQ 6Q`+2 ŀ

Ç S`û2KTiBQM , û+`Bim`2 BMi2`Kû/B�B`2 �miQ`Bbû2
Ç GB#`2 +?QBt , T�b /Ƕû+`Bim`2 bvbiûK�iB[m2 ¨ H� +QM}`K�iBQM

�p�Mi�;2b

RX S2`7Q`K�M+2 �++`m2 2M 7QM+iBQMM2K2Mi MQ`K�H
kX �m+mM +QMi`ƬH2 /2b û+`Bim`2b bm` /Bb[m2

9N

JûH�M;2 /2b ;2M`2b

aQHmiBQM , CQm`M�H /2b BK�;2b Ŀ �p�Mif�T`ĕb ŀ 5
G� KQ/B}+�iBQM /ǶmM Q#D2i s b2 i`�/mBi T�` mM 2M`2;Bbi`2K2Mi /2
DQm`M�H /2 H� 7Q`K2 ,

⟨hB,s, pn�M+B2MM2, pnMQmp2HH2⟩

8y



"QMb T`BM+BT2b

G2b `ĕ;H2b /m lM/Qf_2/Q

Ç lM Q#D2i s T2mi āi`2 KBb ¨ DQm` bm` /Bb[m2 �o�Lh Qm �S_Ĕa
H� +QM}`K�iBQM U+QKKBiV /2 H� i`�Mb�+iBQM

Ç q�G , H2b 2M`2;Bbi`2K2Mib /2 DQm`M�H bQMi û+`Bib bm` /Bb[m2
�o�Lh H� KBb2 ¨ DQm` /2b Q#D2ib +QM+2`Mûb

Ç 6G�* , H2 DQm`M�H 2bi û+`Bi bm` /Bb[m2 ¨ +?�[m2 K�`[m2 +QKKBi

8R

1i mb�;2

*QKK2Mi 7�B`2 H� `2T`Bb2 \

Ę
⟨*S⟩

Ę
⟨hR,�, N, Ry⟩

Ę
⟨hR,", RN, ky⟩

Ę

Ę
⟨hR, +QKKBi⟩

Ę
⟨hk,*, kN, jy⟩

Ę
⟨hk,., jN, 9y⟩

Ę
Ŀ +`�b? 5 ŀ

(.← jN,*← kN) bmBpB /2 (�← Ry,"← ky)

8k

1i mb�;2

*QKK2Mi 7�B`2 H� `2T`Bb2 \

Ę
⟨*S⟩

Ę
⟨hR,�, N, Ry⟩

Ę
⟨hR,", RN, ky⟩

Ę

Ę
⟨hR, +QKKBi⟩

Ę
⟨hk,*, kN, jy⟩

Ę
⟨hk,., jN, 9y⟩

Ę
Ŀ +`�b? 5 ŀ

(.← jN,*← kN) bmBpB /2 (�← Ry,"← ky)

8k

_2iQm` bm` H2b +?2+FTQBMib

SQBMi /2 `2T`Bb2 �+iB7

RX ⟨*S, bi�`i, (hR, . . . ,hF)⟩ 2i û+`B`2 H2 DQm`M�H bm` /Bb[m2
kX ú+`B`2 H2b T�;2b 2M bmbT2Mb UĿ /B`iv T�;2b ŀV bm` /Bb[m2
jX ⟨*S, 2M/⟩ 2i û+`B`2 H2 DQm`M�H bm` /Bb[m2

_2K�`[m2 , hR, . . . ,hF bQMi H2b i`�Mb�+iBQMb �+iBp2b �m TQBMi /2
`2T`Bb2

8j



S`2KBĕ`2K2Mi

_2T`Bb2 lM/Qf_2/Q , T?�b2 MêR

.û7�B`2 hR ,
Ç "← d
Ç �← N

Ę
⟨hR,�, N, Ry⟩

Ę
⟨*S, bi�`i, (hR)⟩

Ę
⟨*S, 2M/⟩

Ę
⟨hR,", d, 9⟩

Ę
Ŀ +`�b? 5 ŀ

89

.2mtBĕK2K2Mi

_2T`Bb2 lM/Qf_2/Q , T?�b2 Mêk

_27�B`2 hR ,
Ç "← 9
Ç *← j

Ę
⟨hR,�, N, Ry⟩

Ę
⟨*S, bi�`i, (hR)⟩

Ę
⟨hR,", d, 9⟩

Ę
⟨*S, 2M/⟩

Ę
⟨hR,*, Rk, j⟩

Ę
⟨hR, +QKKBi⟩

Ę
Ŀ +`�b? 5 ŀ

88

G2 #QM TQBMi

.ǶQɍ `2T`2M/`2 \

_2T`2M/`2 �m /2`MB2` TQBMi /2
`2T`Bb2 p�HB/2 , *SR

Ę
⟨*SR, bi�`i,−⟩

Ę
⟨*SR, 2M/,−⟩

Ę
⟨hR,", d, 9⟩

Ę
⟨*Sk, bi�`i⟩

Ę
⟨hR,*, Rk, j⟩

Ę
Ŀ +`�b? 5 ŀ

8e

avMi?ĕb2

�H;Q`Bi?K2 lM/Qf_2/Q /2 `2T`Bb2

RX "�H�v�;2 �``Bĕ`2 , }M HQ; → /û#mi *S p�HB/2 Y`û+2Mi
Ç *QMbi`mB`2 HǶ2Mb2K#H2 a /2b i`�Mb�+iBQMb +QM}`Kû2b
Ç .û7�B`2 H2b �+iBQMb /2b �mi`2b i`�Mb�+iBQMb

kX J�`[m2 /2 /û#mi /m *S p�HB/2 ,
Ç amBp`2 H� +?�ŗM2 /2 HB2Mb Ŀ /û7�B`2 ŀ TQm` H2b i`�Mb�+iBQMb /�Mb

UHBbi2 �+iBp2V\a

jX "�H�v�;2 �p�Mi , /û#mi *S p�HB/2 Y`û+2Mi → }M HQ;
Ç _27�B`2 H2b �+iBQMb /2b i`�Mb�+iBQMb /2 a

8d



�p2+ /2b �+iBQMb /�Mb H� p`�B2 pB2

1t2KTH2 U_2iB`2` /2 HǶ�`;2Mi �m .�"V

hB = �R�k . . . �F . . . �M

GǶ�+iBQM �F /QBi /ûHBp`2` H2b eee 5

83

"QMM2b T`�iB[m2b

aQHmiBQMb ûpB/2Mi2b

RX 1tû+mi2` H2b �+iBQMb +QM+`ĕi2b �S_Ĕa [m2 H� i`�Mb�+iBQM 2bi
+QM}`Kû2

kX 1bb�v2` /2 H2b `2M/`2 B/2KTQi2Mi2b U2M +�b /2 T�MM2f`2T`Bb2V

8N

S�` HǶ2t2KTH2

VISA MasterCardMasterCard
AMERICAN

      EXPRESS

1 2 3

4 5 6

7 8 9

Alice

dernière Tid : 183
retrait€(mnt, Tid, date)

date :

délivrer€(mnt) ?

ey

*Ƕ2bi ;`�p2 /Q+i2m` \

1M +�b /2 /û7�BHH�M+2 /m bmTTQ`i /2 biQ+F�;2 bi�#H2

A : 16

aQHmiBQM , /mTHB[m2` H2b /QMMû2b 5

eR



oQB` i`BTH2

1t2KTH2 MêR , i`BTH2 `2/QM/�M+2 KQ/mH�B`2

Ç *QMb2`p2` j +QTB2b bm` /Bb[m2b bûT�`ûb
Ç Plh(s) → j bQ`iB2b
Ç AL(s) → j 2Mi`û2b Y pQi2

X1 X2 X3

ek

Zm2H[m2 �KûM�;2K2Mi

1t2KTH2 Mêk , û+`Bim`2 `2/QM/�Mi2- H2+im`2 bBKTH2

Ç *QMb2`p2` L +QTB2b bm` /Bb[m2b bûT�`ûb
Ç Plh(s) → L bQ`iB2b
Ç AL(s) → R 2Mi`û2

Ç aB QF- i2`KBM2`
Ç aBMQM- HB`2 mM2 �mi`2 +QTB2

>vTQi?ĕb2 , H2b /QMMû2b 2``QMû2b bQMi /ûi2+iû2b

ej

SHmb T`Q#�Mi

1t2KTH2 Mêj , .mKT /2 H� "/. Y GQ;

BD de sauvegarde BD activeJournal

aB H� "/. �+iBp2 2bi T2`/m2 ,

RX _2bi�m`2` H� "/. ¨ T�`iB` /2 H� b�mp2;�`/2
kX J2ii`2 ¨ DQm` H� "/. 2M `2DQm�Mi H2b 2Mi`û2b Ŀ `27�B`2 ŀ /m

DQm`M�H

e9

G2b /ûH�Bb

Zm�M/ T2mi@QM bmTT`BK2` H2b 2Mi`û2b /m DQm`M�H \

Dump 
BD

start 
Tk

start 
CP

inutile pour la défaillance
du support stable 

inutile pour undo après 
défaillance système  

inutile pour redo après 
défaillance système  

Temps

Log

e8



6BM

1M `ûbmKû

Ç *Q?û`2M+2 /2b /QMMû2b
Ç lM2 bQm`+2 /2 T`Q#HĕK2b , H2b /û7�BHH�M+2b

Ç CQm`M�HBb�iBQM
Ç _2/QM/�M+2

Ç lM2 �mi`2 bQm`+2 /2 T`Q#HĕK2b , T�`i�;2 /2b /QMMû2b
¨ bmBp`2Ę

ee

aû`B�HBb�#BHBiû

*QMi`ƬH2 /2 +QM+m``2M+2

Ç "/. �p2+ +QMi`�BMi2b TQm` H� T`ûb2`p�iBQM /2 H� +Q?û`2M+2
Ç hR- hk- Ę- hM �/`2bbû2b bBKmHi�MûK2Mi ¨ H� "/.

ed

1t2KTH2

hR : _(�)

�← � + Ryy
q(�)

_(")

"← " + Ryy
q(")

*QMi`�BMi2 , � = "

hk : _(�)

�← �× k
q(�)

_(")

"← "× k
q(")

e3



SH�M �

hR hk
R _(�);�← � + Ryy
k q(�);

j _(");"← " + Ryy
9 q(");

8 _(�);�← �× k
e q(�);

d _(");"← "× k
3 q(");

�4k8 "4k8

Rk8

Rk8

k8y

k8y
k8y k8y

eN

SH�M "

hR hk
R _(�);�← �× k
k q(�);

j _(");"← "× k
9 q(");

8 _(�);�← � + Ryy
e q(�);

d _(");"← " + Ryy
3 q(");

�4k8 "4k8

8y

8y

R8y

R8y
R8y R8y

dy

SH�M *

hR hk
R _(�);�← � + Ryy
k q(�);

j _(�);�← �× k
9 q(�);

8 _(");"← " + Ryy
e q(");

d _(");"← "× k
3 q(");

�4k8 "4k8

Rk8

k8y

Rk8

k8y
k8y k8y

dR

SH�M 1

hR hk
R _(�);�← � + Ryy
k q(�);

j _(�);�← �× k
9 q(�);

8 _(");"← "× k
e q(");

d _(");"← " + Ryy
3 q(");

�4k8 "4k8

Rk8

k8y

8y

R8y
k8y R8y

dk



SH�M 6 U4 SH�M 1 �p2+ hk#BbV

hR hk#Bb
R _(�);�← � + Ryy
k q(�);

j _(�);�← �× R
9 q(�);

8 _(");"← "× R
e q(");

d _(");"← " + Ryy
3 q(");

�4k8 "4k8

Rk8

Rk8

k8

Rk8
Rk8 Rk8

dj

*2 [mǶQM 2M `2iB2Mi \

Ç G2b Ŀ #QMb ŀ TH�Mb bQMi BM/ûT2M/�Mib /2
Ç HǶûi�i BMBiB�H /2 H� "/.
Ç H� bB;MB}+�iBQM /2b i`�Mb�+iBQMb

Ç úim/2 /2 HǶQ`/`2 /Ƕ�TT�`BiBQM /2b H2+im`2bfû+`Bim`2b

1t2KTH2

S* = `R(�);rR(�); `k(�);rk(�); `R(");rR("); `k(");rk(")

.�Mb H� bmBi2- _ ≡ ` 2i q ≡ r

d9

SH�Mb û[mBp�H2Mib

1t2KTH2 U.2 S* ¨ S�V

S* = `R(�);rR(�); `k(�);rk(�);︸ ︷︷ ︸
αk

`R(");rR(");︸ ︷︷ ︸
βR

`k(");rk(")

S� = `R(�);rR(�); `R(");rR(");︸ ︷︷ ︸
βR︸ ︷︷ ︸

hR

`k(�);rk(�);︸ ︷︷ ︸
αk

`k(");rk(")

︸ ︷︷ ︸
hk

Ç S2`Kmi�iBQM αk ↔ βR Hû;�H2

d8

J�mp�Bb TH�M

lM +�b ûTBM2mt , S1

S1 = `R(�);rR(�);︸ ︷︷ ︸
αR

`k(�);rk(�); `k(");rk("); `R(");rR(")︸ ︷︷ ︸
←−?βR

Ç o`�Bb2K#H�#H2K2Mi- hk /QBi T`û+û/2` hR +�` BH MǶ2bi T�b
TQbbB#H2 /2 `�TT`Q+?2` βR /2 αR /�Mb mM TH�M û[mBp�H2Mi

Ç PM MQi2 hk → hR

de



§ T`QTQb /m SH�M 1

Ç hk → hR

Ç 2i BMp2`b2K2Mi- hR → hk

1M +QM+HmbBQM ,

Ç S1 M2 T2mi āi`2 `û�``�M;û 2M hR;hk Qm hk;hR

Ç S1 MǶ2bi û[mBp�H2Mi ¨ �m+mM TH�M bû`B2H
Ç S1 2bi mM Ŀ K�mp�Bb TH�M ŀ

dd

_2iQm` �m SH�M *

S* = `R(�);rR(�);︸ ︷︷ ︸
αR

`k(�);rk(�);︸ ︷︷ ︸
αk

`R(");rR(");︸ ︷︷ ︸
βR

`k(");rk(")︸ ︷︷ ︸
βk

Ç αR;αk ;ûMĕ`2 mM2 T`ûbû�M+2 hR → hk

Ç βR;βk ;ûMĕ`2 mM2 T`ûbû�M+2 hR → hk

Ç �#b2M+2 /2 +v+H2 , S* 2bi û[mBp�H2Mi ¨ mM TH�M bû`B2H UhR;hkV

d3

*QM+2Tib 2i /û}MBiBQMb Rfk

h`�Mb�+iBQM
bû[m2M+2 BKKm�#H2 /ǶQTû`�iBQMbě�+iBQMbě`B(s) 2i rB(s)

�+iBQMb +QM~B+im2HH2b
T�B`2 /Ƕ�+iBQMb +QKT`2M�Mi �m KQBMb mM2 û+`Bim`2

Ç (`B(s),rD(s)) H2+im`2 mMB[m2 mM`2T2�i�#H2 `2�/
Ç (rB(s), `D(s)) H2+im`2 b�H2 /B`iv `2�/
Ç (rB(s),rD(s)) KBb2 ¨ DQm` T2`/m2 HQbi mT/�i2

dN

*QM+2Tib 2i /û}MBiBQMb kfk

SH�M UQm ?BbiQB`2V
Q`/`2 +?`QMQHQ;B[m2 /�Mb H2[m2H H2b �+iBQMb bQMi 2tû+miû2b

SH�M bû`B2H UQm TH�M bû`B2V
b�Mb 2Mi`2H�+2K2Mi /2b �+iBQMb /2 i`�Mb�+iBQMb /BbiBM+i2b

3y



S`QT`Bûiû `2[mBb2

�X*X AbQH�iBQM .X
hQmi2 i`�Mb�+iBQM bǶ2tû+mi2 BM/ûT2M/�KK2Mi /2b 2z2ib /2
i`�Mb�+iBQMb bBKmHi�Mû2b

3R

G2b i`�Mb�+iBQMb +QM+m``2Mi2b

hR hk
R hR �MMQM+2 _(�, i)
k hk �MMQM+2 q(", b)
j "/. �MMQM+2 AL(")

9 "/. �MMQM+2 AL(�)

8 AL(") i2`KBMû
e AL(�) i2`KBMû
d "← b
3 "/. �MMQM+2 Plh(")

N i← �
Ry Plh(") i2`KBMû

3k

.m TQBMi /2 pm2 /m ;2biBQMM�B`2 /2 i`�Mb�+iBQMb

1z2i �T`ĕb �M�Hvb2

Ç S = . . . `R(�) . . .rk(") . . . Qm
Ç S = . . .rk(") . . . `R(�) . . .

3j

*�b KQBMb 7�pQ`�#H2

�+iBQMb +QM+m``2Mi2b 2i +QM~B+im2HH2b

hR hk
R /û#mi rk(�)

k /û#mi `R(�) Ę
j Ę }M rk(�)

9 }M `R(�)

Ç PM +QMbB/ĕ`2 [m2 +Ƕ2bi û[mBp�H2Mi ¨
`R(�);rk(�) Qm rk(�); `R(�)

Ç Jû+�MBbK2 /2 bvM+?`QMBb�iBQM /2b
+Qm+?2b #�bb2b

Ç >vTQi?ĕb2 /2b �+iBQMb ûHûK2Mi�B`2b
UQm �iQKB[m2bV

39



lM2 /û}MBiBQM BKTQ`i�Mi2

SR 2i Sk bQMi /2b TH�Mb û[mBp�H2Mib T�` +QM~Bi bB SR T2mi āi`2
i`�Mb7Q`Kû 2M Sk T�` mM2 bû`B2 /2 T2`Kmi�iBQMb /Ƕ�+iBQMb
+QMbû+miBp2b MQM +QM~B+im2HH2b

38

lM2 �mi`2 /û}MBiBQM BKTQ`i�Mi2

lM TH�M 2bi bû`B�HBb�#H2 T�` +QM~Bi bǶBH 2bi û[mBp�H2Mi T�` +QM~Bi ¨
mM TH�M bû`B2H U[m2H+QM[m2V

3e

*QM/BiBQM Mû+2bb�B`2 2i bm{b�Mi2 \

bû`B�HBb�#BHBiû ̸⇒ bû`B�HBb�#BHBiû T�` +QM~Bi

1t2KTH2 USH�M 6V
αR;αk;βk;βR �p2+ hk#Bb : .× R

Ç .�Mb H� bmBi2 /2 HǶ2tTQbû- QM B;MQ`2 H� bûK�MiB[m2 /2b
i`�Mb�+iBQMb

Ç a2mH2b H2b �+iBQMb +QM~B+im2HH2b bQMi �M�Hvbû2b

3d

:`�T?2 /2 T`ûbû�M+2 G(S)

Ç G2b Mƾm/b , i`�Mb�+iBQMb /2 S
Ç G2b �`+b , hB → hD bB

Ç 7B(�) 2i ?D(�) bQMi /2b �+iBQMb /�Mb S
Ç 7B(�) <S ?D(�)

Ç �m KQBMb HǶmM2 /2b /2mt �+iBQMb 7B- ?D 2bi mM2 û+`Bim`2

33



G2KK2

SR 2i Sk bQMi û[mBp�H2Mib T�` +QM~Bi ⇒ G(SR) = G(Sk)

S`2mp2
*QMbB/û`QMb G(SR) ̸= G(Sk)

⇒ ∃hB : hB → hD /�Mb SR 2i MQM /�Mb Sk
⇒ SR = . . . 7B(�) . . . ?D(�) . . . 2i

Sk = . . . ?D(�) . . . 7B(�) . . .- �p2+ 7B 2i ?D +QM~B+im2HH2b
⇒ SR 2i Sk M2 bQMi T�b û[mBp�H2Mib T�` +QM~Bi !

3N

_2K�`[m2

G(SR) = G(Sk) ⇏ SR 2i Sk bQMi û[mBp�H2Mib T�` +QM~Bi

*QMi`2@2t2KTH2

SR = rR(�); `k(�);rk("); `R(")

Sk = `k(�);rR(�); `R(");rk(")

Ny

h?ûQ`ĕK2

G(S) �+v+HB[m2 ⇐⇒ S 2bi bû`B�HBb�#H2 T�` +QM~Bi

S`2mp2
U⇐V PM +QMbB/ĕ`2 [m2 S 2bi bû`B�HBb�#H2 T�` +QM~Bi
⇒ ∃Sb : Sb 2i S bQMi û[mBp�H2Mib T�` +QM~Bi
⇒ G(Sb) = G(S)

⇒ G(S) 2bi �+v+HB[m2 TmBb[m2 G(Sb) HǶ2bi

NR

amBi2 /2 H� T`2mp2

_�TT2H , G(S) �+v+HB[m2 ⇐⇒ S 2bi bû`B�HBb�#H2 T�` +QM~Bi

U⇒V PM +QMbB/ĕ`2 [m2 G(S) 2bi �+v+HB[m2
Ç h`�Mb7Q`K2` S +QKK2 bmBi ,

RX A/2MiB}2` mM Mƾm/ hR b�Mb �`+ BM+B/2Mi
kX S2`Kmi2` H2b �+iBQMb /2 hR TQm` [mǶ2HH2b �TT�`�Bbb2Mi 2M iāi2

SR = hR; ⟨H2 `2bi2⟩
jX _ûTûi2` H2b ûi�T2b T`û+û/2Mi2b Dmb[mǶ�m TH�M bû`B2H

Nk



kSG

*QKK2Mi ;�`�MiB` /2b TH�Mb bû`B�HBb�#H2b \

PTiBQM MQ R

RX G�Bbb2` 7�B`2 2i 2M`2;Bbi`2` H2 ;`�T?2 G(S)
kX oû`B}2` Tû`BQ/B[m2K2Mi HǶ�#b2M+2 /2 +v+H2
jX S`Q+H�K2` [m2 HǶ2tû+miBQM 7mi #QMM2 UQm K�mp�Bb2V

Nj

lM T2m THmb Dm/B+B2mt

PTiBQM MQ k

Ç .ûi2+i2` 2i T`ûp2MB` H2b +v+H2b UQmB K�Bb +QKK2Mi \V

BD

Programmateur

T1 T2 Tn...

N9

lM T`QiQ+QH2 /2 p2``QmBHH�;2

Ç .2mt MQmp2HH2b �+iBQMb ,
Ç p2``QmBHH2` Up2``Qm 2t+HmbB7V , ℓB(�)

Ç /ûp2``QmBHH2` , mB(�)

BD

Programmateur

T1 T2 Tn...

Table des 

verrous

N8



_ĕ;H2 MQ R

h`�Mb�+iBQM #B2M@7Q`Kû2

hB : . . . ℓB(�) . . . 7B(�) . . . mB(�) . . .

Ne

_ĕ;H2 MQ k

SH�M Hû;�H

S = . . . ℓB(�) . . .︸︷︷︸
¬ ℓD(�)

mB(�)

Nd

SH�M > USH�M 1 �p2+ p2``QmbV

hR hk
R ℓR(�); _(�)

k �← � + Ryy
j q(�); mR(�)

9 ℓk(�); _(�)

8 �← �× k
e q(�); mk(�)

d ℓk("); _(")

3 "← "× k
N q("); mk(")

Ry ℓR("); _(")

RR "← " + Ryy
Rk q("); mR(")

N3

*Ƕ2bi iQmDQm`b mM K�mp�Bb TH�MĘ

hR hk
R ℓR(�); _(�)

k �← � + Ryy
j q(�); mR(�)

9 ℓk(�); _(�)

8 �← �× k
e q(�); mk(�)

d ℓk("); _(")

3 "← "× k
N q("); mk(")

Ry ℓR("); _(")

RR "← " + Ryy
Rk q("); mR(")

�4k8 "4k8

Rk8

k8y

8y

R8y
k8y R8y

NN



_ĕ;H2 MQ j

o2``QmBHH�;2 ¨ /2mt T?�b2b UkSGV

Ç S`QiQ+QH2 �TTHB[mû ¨ mM2 i`�Mb�+iBQM
Ç UlaV hrQ S?�b2 GQ+FBM;

hB : . . . ℓB(�)︸ ︷︷ ︸
�m+mM /ûp2``QmBHH�;2

. . . mB(�) . . .︸ ︷︷ ︸
�m+mM p2``QmBHH�;2

Ryy

S`Bb2 2i HB#û`�iBQM /2 p2``Qm �p2+ kSG

# verrous posés par Ti

phase de verrouillage phase de libération
Temps

RyR

SH�M E

hR hk
R ℓR(�); _(�)

k �← � + Ryy; q(�)

j ℓR("); mR(�)

9 ℓk(�); _(�)

8 �← �× k; q(�)

[ℓk(")] 1M �ii2Mi2 5

Ryk

amBi2 /m SH�M E

hR hk
R ℓR(�); _(�)

k �← � + Ryy; q(�)

j ℓR("); mR(�)

9 ℓk(�); _(�)

8 �← �× k; q(�)

[ℓk(")] 1M �ii2Mi2 5
e _(");"← " + Ryy
d q("); mR(")

Ryj



6BM /m SH�M E

hR hk
R ℓR(�); _(�)

k �← � + Ryy; q(�)

j ℓR("); mR(�)

9 ℓk(�); _(�)

8 �← �× k; q(�)

e _(");"← " + Ryy
d q("); mR(")

3 ℓk("); mk(�)

N _(");"← "× k
Ry q("); mk(")

SH�M E bû`B�HBb�#H2 T�` +QM~Bi U2[mBp�H2Mi �m SH�M * 5V

Ry9

SH�M G Uαk 2i βk T2`KmiûbV

hR hk.R
R ℓR(�); _(�) ℓk("); _(")

k �← � + Ryy; q(�) "← "× k; q(")

j [ℓR(")] [ℓk(�)]

Ry8

Ï� +QBM+2Ę

Ç SQb2 /2 p2``Qm KQ`i2H U/2�/HQ+FV , Ŀ ûi`2BMi2 7�i�H2 ŀ
Ç aBim�iBQM /ǶBMi2`@#HQ+�;2
Ç >vTQi?ĕb2 G2b i`�Mb�+iBQMb 2M BMi2`@#HQ+�;2 bQMi �MMmHû2b

U`QHH@#�+FV
Ç G2m` 2z2i 2bi �MMmHû
Ç 1HH2b MǶ�TT�`�Bbb2Mi THmb /�Mb H2 TH�M

1t2KTH2

SG = ︸ ︷︷ ︸
`B2M ¨ bB;M�H2` 5

Rye

S`Q+?�BM2 ûi�T2

Ç JQMi`2` ,
_ĕ;H2b OR- k- j ⇒ SH�M bû`B�HBb�#H2 T�` +QM~Bi

Ryd



Zm2H[m2b T`û+BbBQMb

Ç G2b bBim�iBQMb /2 +QM~Bi TQm` ℓB(�) 2i mB(�)

Ç ℓB(�) 2i ℓD(�) bQMi +QM~B+im2HH2b
Ç ℓB(�) 2i mD(�) bQMi +QM~B+im2HH2b

Ç �m+mM +QM~Bi TQm`
Ç (mB(�), mD(�))

Ç (ℓB(�), `D(�))- Ę

Ry3

h?ûQ`ĕK2

_ĕ;H2b OR- k- j UkSGV ⇒ SH�M bû`B�HBb�#H2 T�` +QM~Bi

SQm` H2b #2bQBMb /2 H� T`2mp2
PM /ûbB;M2 G(hB) H� T`2KBĕ`2 �+iBQM /2 H� i`�Mb�+iBQM hB [mB HB#ĕ`2
mM p2``Qm

RyN

G2KK2

hB → hD /�Mb G(S) ⇒ G(hB) <S G(hD)

S`2mp2 /m H2KK2

Ç hB → hD bB;MB}2 [m2 S = . . . 7B(�) . . . ?D(�) . . .

�p2+ 7 2i ? +QM~B+im2HH2b
Ç .Ƕ�T`ĕb H2b `ĕ;H2b R 2i k ,

S = . . . 7B(�) . . . mB(�) . . . ℓD(�) . . . ?D(�) . . .

Ç 1i /Ƕ�T`ĕb H� `ĕ;H2 j , G(hB) ≤S mB(�) 2i ℓD(�) <S G(hD)

Ç .QM+ G(hB) <S G(hD) !

RRy

S`2mp2 /2 i?ûQ`ĕK2

_�TT2H , _ĕ;H2b OR- k- j UkSGV ⇒ SH�M bû`B�HBb�#H2 T�` +QM~Bi

S`2mp2

RX *QMbB/û`QMb [m2 G(S) TQbbĕ/2 mM +v+H2 ⟨hR,hk, . . . ,hM⟩
kX .Ƕ�T`ĕb H2 H2KK2 , G(hR) < G(hk) < . . . < G(hR)

jX aBim�iBQM BKTQbbB#H2- /QM+ G(S) 2bi �+v+HB[m2
9X .QM+ S 2bi bû`B�HBb�#H2 T�` +QM~Bi !

RRR



SH�Mb bm` H� +QKĕi2

kSG 2bi mM2 T�`iB2 Ub2mH2K2MiV /2b TH�Mb bû`B�HBb�#H2b

Sérialisable
2PL

RRk

aû`B�HBb�#H2 1h ¬ kSG

1t2KTH2 /2 TH�M bû`B�HBb�#H2 2i BMi`�Bi�#H2 T�` kSG

S = rR(�);rj(�);rk(");rR(")

Ç kSG MǶ2bi T�b �TTHB+�#H2 bm` S ,
G2 p2``Qm ℓR(") bm`pB2Mi �T`ĕb rk(")- /QM+ H� HB#û`�iBQM
mR(�) 2bi û;�H2K2Mi TQbiû`B2m`2 ¨ rk(")- +2 [mB BMi2`/Bi
HǶ2tû+miBQM /2 rj(�)

Ç Lû�MKQBMb- S 2bi bû`B�HBb�#H2
SH�M bû`B2H û[mBp�H2Mi , hk;hR;hj

RRj

o2``Qm T�`i�;û

Ç Cmb[mǶB+B ,

S = . . . ℓR(�); `R(�); mR(�) . . . ℓk(�); `k(�); mk(�) . . .

`R(�) 2i `k(�) M2 bQMi T�b +QM~B+im2HH2b
Ç o2``QmBHH�;2 �Hi2`M�iB7 ,

S = . . . ℓ@sR(�); `R(�); ℓ@sk(�); `k(�) . . . m@bR(�); m@bk(�)

RR9

LQi�iBQMb

�+iBQMb /2 p2``QmBHH�;2

Ç ℓ@7B(�) , p2``Qm bm` � 2M KQ/2 7 ∈ {b, t}
Ç m@7B(�) , HB#û`�iBQM /2 � 2M KQ/2 7 ∈ {b, t}

_�++Qm`+B

Ç mB(�) , HB#û`�iBQM /2 � T�` hB- [m2H [m2 bQBi H2 KQ/2 /2
p2``QmBHH�;2

RR8



_ĕ;H2 MQ R

hB : . . . ℓ@sB(�) . . . `B(�) . . . mB(�) . . .

hB : . . . ℓ@xB(�) . . .rB(�) . . . mB(�) . . .

RRe

G2+im`2fû+`Bim`2

*QKK2Mi i`�Bi2` H2 +�b /2 i`�Mb�+iBQMb [mB HBb2Mi 2i û+`Bp2Mi H2
KāK2 Q#D2i \

PTiBQM MQ R

Ç o2``Qm 2t+HmbB7

hB : . . . ℓ@xB(�) . . . `B(�) . . .rB(�) . . . mB(�) . . .

RRd

G2+im`2fû+`Bim`2

PTiBQM MQ k

Ç S`QKQiBQM , H2+im`2 TmBb T2mi@āi`2 û+`Bim`2

hB : . . . ℓ@sB(�) . . . `B(�) . . . ℓ@xB(�) . . .rB(�) . . . mB(�) . . .

Ç G� T`Bb2 ℓ@xB(�) 2bi mM2 T`QKQiBQM /m p2``Qm ℓ@sB(�) 2i T2mi
āi`2 �bbBKBHû2 ¨

RX bQBi H� T`Bb2 /ǶmM b2+QM/ p2``Qm Ub→ {b, t}V bm` �
kX bQBi H� bû[m2M+2 (mB(�); ℓ@xB(�))

RR3

_ĕ;H2 MQ k

SH�M Hû;�H

S = . . . ℓ@sB(�) . . . . . .︸ ︷︷ ︸
¬ ℓ@xD(�)

mB(�) . . .

S = . . . ℓ@xB(�) . . . . . .︸ ︷︷ ︸
¬[ℓ@xD(�)∨ℓ@sD(�)]

mB(�)) . . .

RRN



�mi`2K2Mi /Bi

_ûbmKû /2 H� `ĕ;H2 MQ k
J�i`B+2 /2 +QKT�iB#BHBiû

*QKT a s
a o`�B 6�mt
s 6�mt 6�mt

Rky

_ĕ;H2 MQ j

h`�Mb�+iBQMb kSG

Ç �m+mM2 KQ/B}+�iBQM- b�m7 2M +�b /2 T`QKQiBQM
RX �p2+ b2+QM/ p2``Qm Ub→ {b, t}V- T�b /2 +?�M;2K2Mi
kX �p2+ HB#û`�iBQM BKTHB+Bi2 /m p2``Qm b Ub→ tV- HǶ�+iBQM 2bi

Mû�MKQBMb �miQ`Bbû2 /�Mb H� T?�b2 /2 p2``QmBHH�;2

RkR

h?ûQ`ĕK2

_ĕ;H2b OR-k-j TQm` H2b p2``Qmb afs ⇒ TH�M bû`B�HBb�#H2 T�` +QM~Bi

S`2mp2
aBKBH�B`2 �m +�b /2b p2``Qmb s

Ç .ûi�BH ,
Ç ℓ@7B(�); ℓ@;D(�) M2 bQMi T�b +QM~B+im2HH2b bB *QKT(7, ;)
Ç ℓ@7B(�); m@;D(�) M2 bQMi T�b +QM~B+im2HH2b bB *QKT(7, ;)

Rkk

hvT2b /2 p2``Qmb �m@/2H¨ /2 bft

1t2KTH2b

RX o2``Qm /ǶBM+`ûK2Mi
kX o2``Qm /2 KBb2@¨@DQm`

Rkj



o2``Qm /ǶBM+`ûK2Mi

1t2KTH2

Ç �+iBQM /ǶBM+`ûK2Mi , BM

BMB(�) = _(�);�← � + F; q(�)

Ç BMB(�) 2i BMD(�) M2 bQMi T�b +QM~B+im2HH2b 5

� = 8 BMB(�)−−−→
+k

� = d BMD(�)
−−−→
+Ry

� = Rd

� = 8 BMD(�)
−−−→
+Ry

� = R8 BMB(�)−−−→
+k

� = Rd

Rk9

Zm2 /2pB2Mi H� K�i`B+2 /2 +QKT�iB#BHBiû \

*QKT a s A
a
s
A

Rk8

LQmp2HH2 K�i`B+2 /2 +QKT�iB#BHBiû

*QKT a s A
a o`�B 6�mt 6�mt
s 6�mt 6�mt 6�mt
A 6�mt 6�mt o`�B

Rke

o2``Qm /2 KBb2@¨@DQm`

lM T`Q#HĕK2 i`�/BiBQMM2H /2 p2``Qm KQ`i2H �p2+ H2b T`QKQiBQMb

hR hk
ℓ@sR(�)

ℓ@sk(�)

[ℓ@xR(�)]

[ℓ@xk(�)]

o2``Qm KQ`i2H 5

Rkd



lM2 bQHmiBQM

aB hR p2mi HB`2 � 2i b�Bi T�` �p�M+2 [mǶ2HH2 2bi bmb+2TiB#H2 /Ƕû+`B`2
� mHiû`B2m`2K2Mi- 2HH2 `û+H�K2 mM p2``Qm /2 KBb2@¨@DQm` U2i MQM mM
p2``Qm T�`i�;ûV

Ç a2mHb H2b p2``Qmb /2 KBb2@DQm` T2mp2Mi āi`2 T`QKmb

Rk3

1i H� K�i`B+2 /2 +QKT�iB#BHBiû \

*QKT a s l
a
s
l

Ç 1M HB;M2 , H2b p2``Qmb /ûD¨ TQbûb
Ç 1M +QHQMM2 U`Qm;2V , H2b /2K�M/2b /2 p2``Qm

RkN

_ûbmHi�i

*QKT a s l
a o`�B 6�mt o`�B
s 6�mt 6�mt 6�mt
l 6�mt 6�mt 6�mt

Ç J�i`B+2 MQM bvKûi`B[m2

Rjy

_2K�`[m2

Ç GǶQ#D2i � T2mi āi`2 p2``QmBHHû bBKmHi�MûK2Mi /�Mb /Bzû`2Mib
KQ/2b

S = . . . ℓ@sR(�) . . . ℓ@sk(�) . . . ℓ@uj(�) . . . [ℓ@s9(�)?| ℓ@u9(�)?] . . .

Ç SQm` TQb2` mM p2``Qm 2M KQ/2 7- 7 /QBi āi`2 +QKT�iB#H2 �p2+
iQmb H2b p2``Qmb /ûD¨ TQbûb bm` HǶQ#D2i

RjR



>BbiQB`2 /2 p2``Qmb KQ`i2Hb

amD2ib /2 /Bb+mbbBQM

RX .ûi2+iBQM
Ç i2KTQ`Bb�iBQM
Ç ;`�T?2 /Ƕ�ii2Mi2b

kX S`ûp2MiBQM
Ç T`ûQ`/QMM�M+2K2Mi /2b `2bbQm`+2b
Ç T`ûQ`/QMM�M+2K2Mi /2b i`�Mb�+iBQMb

Rjk

h2KTQ`Bb�iBQM

Ç aB mM2 i`�Mb�+iBQM �ii2M/ THmb /2 G b2+QM/2b- QM HǶ�MMmH2 5

S`Qb

Ç a+?ûK� bBKTH2

*QMb

Ç .B{+BH2 /2 +?QBbB` H� p�H2m` /2 G

Rjj

G2 ;`�T?2 /Ƕ�ii2Mi2b

.û}MBiBQM +QMbi`m+iBp2

Ç G2b Mƾm/ bQMi H2b i`�Mb�+iBQMb
Ç lM �`+ /2 l ¨ h 2bi 7Q`Kû bbB ,

RX h TQbbĕ/2 mM p2``Qm bm` H� `2bbQm`+2 � c
kX l 2bi 2M �ii2Mi2 /ǶmM p2``Qm bm` �- 2i
jX l M2 T2mi Q#i2MB` /2 p2``Qm bm` � /�Mb H2 KQ/2 bQm?�Biû [mǶ¨

H� +QM/BiBQM [m2 h �Bi T`û�H�#H2K2Mi HB#û`û �X

Rj9

.ûi2+iBQM /2 p2``Qmb KQ`i2Hb

Ç *QMbi`m+iBQM /m ;`�T?2 /Ƕ�ii2Mi2b
Ç liBHBb�iBQM /2 H� i�#H2 /2b p2``Qmb UTQbûbf2M �ii2Mi2V
Ç S`Q+û/û BM+`ûK2MiB2H Qm Tû`BQ/B[m2
Ç § H� /û+Qmp2`i2 /ǶmM +v+H2- +?QBt 2i �MMmH�iBQM /ǶmM2 pB+iBK2Ę

T1 T2

T3T4

T5

T6 T7

Rj8



S`ûp2MiBQM /2b p2``Qmb KQ`i2Hb

T�` T`ûQ`/QMM�M+2K2Mi /2b `2bbQm`+2b

RX h`B2` iQmb H2b Q#D2ib �R- �k- Ę- �M

kX lM2 i`�Mb�+iBQM T2mi p2``QmBHH2` �D �T`ĕb �B b2mH2K2Mi bB D > B

S`Q#HĕK2

Ç G� T`Bb2 Q`/QMMû2 /2b p2``Qmb MǶ2bi T�b `û�HBbi2 2i /QM+ T2m
T`�iB[mû2

Rje

S`ûp2MiBQM /2b p2``Qmb KQ`i2Hb fk

T�` T`ûQ`/QMM�M+2K2Mi /2b i`�Mb�+iBQMb

Ç a+?ûK� q�Bi@.B2
Ç a+?ûK� qQmM/@q�Bi

Rjd

S`ûp2MiBQM b�Mb `û[mBbBiBQM

�ii2M/`2 Qm KQm`B` Ur�Bi@/B2V

Ç G2b i`�Mb�+iBQMb bQMi 2bi�KTBHHû2b τ(hB)

Ç hD T2mi �ii2M/`2 [m2 hB HB#ĕ`2 mM2 `2bbQm`+2 bB

τ(hD) < τ(hB)

ĘbBMQM hD K2m`i U2HH2 2bi �MMmHû2V

Rj3

1t2KTH2

hR
τR = Ry

hk
τk = ky

hj
τj = k8

�ii(�)

�ii(�)

�ii(�) \5

RjN



aBim�iBQM /2 7�KBM2

Ç GQ`b[mǶmM2 i`�Mb�+iBQM K2m`i- QM H� `û2tû+mi2 mHiû`B2m`2K2Mi
Ç �p2+ [m2HH2 2bi�KTBHH2 \

RX 2bi�KTBHH2 BMBiB�H2- Qm
kX MQmp2HH2 2bi�KTBHH2 U/�i2 /2 H� MQmp2HH2 bQmKBbbBQMV

R9y

Gmii2 +QMi`2 H� 7�KBM2

6�KBM2 2M KQ/2 T`ûp2MiBQM b�Mb `û[mBbBiBQM Ur�Bi@/B2V

Ç LQmp2HH2 bQmKBbbBQM �p2+ HǶ2bi�KTBHH2 BMBiB�H2
Ç G2b ;�`�MiB2b +QMi`2 H� 7�KBM2

Ç G� i`�Mb�+iBQM /Ƕ2bi�KTBHH2 H� THmb �M+B2MM2 M2 K2m`i D�K�Bb
Ç lM2 i`�Mb�+iBQM [mB K2m`i Uûp2Mim2HH2K2Mi THmbB2m`b 7QBbV- }MBi

/�Mb H2 TB`2 +�b- T�` /ûi2MB` HǶ2bi�KTBHH2 H� THmb �M+B2MM2

R9R

.2mtBĕK2 2t2KTH2

hR
τR = kk

hk
τk = ky

hj
τj = k8

[�ii(�)]

�ii(�)

[�ii(�)]

a+ûM�`BQ ,
Ç hR `û+H�K2 �

_2K�`[m2 ,
Ç τR ∈ [ky, k8]

R9k

PTiBQM MêR

hR
τR = kk

hk
τk = ky

hj
τj = k8

�ii(�)

[�ii(�)]

a+ûM�`BQ ,
Ç hR `û+H�K2 �

.û`QmH2K2Mi ,
RX hR `û+H�K2 � �mT`ĕb

/2 hj [mB /ûiB2Mi H2
p2``Qm

kX GQ`b[m2 hk Q#iB2Mi H2
p2``Qm- hR /QBi
KQm`B` 5

R9j



PTiBQM Mêk

hR
τR = kk

hk
τk = ky

hj
τj = k8

�ii(�)

�ii(�)

�ii(�)

a+ûM�`BQ ,
Ç hR `û+H�K2 �

.û`QmH2K2Mi ,
RX hR Q#iB2Mi H2 p2``Qm

�T`ĕb hj TmBb hk

kX hR K2m`i bm` H2
+?�KT 5

R99

PTiBQM Mêj

hR
τR = kk

hk
τk = ky

hj
τj = k8

�ii(�)

�ii(�)

�ii(�)

a+ûM�`BQ ,
Ç hR `û+H�K2 �

.û`QmH2K2Mi ,
RX hR T`û2KTi2 � �m

/ûi`BK2Mi /2 hk

kX hR `û+H�K2 � �mT`ĕb
/2 hj b2mH2K2Mi

jX hk `û+H�K2 � �mT`ĕb
/2 hj 2i hR

9X hk /2pB2Mi �z�Kû2 \

R98

S`ûp2MiBQM �p2+ `2[mBbBiBQM

"H2bb2` Qm �ii2M/`2 UrQmM/@r�BiV

Ç G2b i`�Mb�+iBQMb bQMi 2bi�KTBHHû2b τ(hB)

Ç hD T2mi `û[mBbBiBQMM2` mM2 `2bbQm`+2 �m /ûi`BK2Mi /2 hB bB

τ(hD) < τ(hB)

ĘbBMQM hD �ii2M/
Ç Ŀ #H2bbm`2 ŀ , hB 2bi �MMmHû2 2i +ĕ/2 H2 p2``Qm ¨ hD

R9e

1t2KTH2

hR
τR = k8

hk
τk = ky

hj
τj = Ry

�ii(�)

�ii(�)

�ii(�) \5

R9d



aBim�iBQM /2 7�KBM2

Zm2HH2 2bi�KTBHH2 �T`ĕb �MMmH�iBQM \

Ç �p2+ H2 b+?ûK� qQmM/@r�Bi , QM �ii2M/ H2b pB2BHH2b
i`�Mb�+iBQMb

Ç �p2+ H2 b+?ûK� q�Bi@/B2 , QM �ii2M/ H2b D2mM2b i`�Mb�+iBQMb
Ç Zm2H [m2 bQBi H2 b+?ûK�- H2b THmb �M+B2MM2b i`�Mb�+iBQMb

Ŀ im2Mi ŀ H2b THmb `û+2Mi2b

*QM+HmbBQM , BH 7�mi T`ûb2`p2` HǶ2bi�KTBHH2 Q`B;BM�H2 TQm` T`ûp2MB` H�
7�KBM2 5

R93

.2mtBĕK2 2t2KTH2

hR
τR = R8

hk
τk = ky

hj
τj = Ry

[�ii(�)]

�ii(�)

[�ii(�)]

a+ûM�`BQ ,
Ç hR `û+H�K2 �

_2K�`[m2 ,
Ç τR ∈ [Ry, ky]

R9N

PTiBQM MêR

hR
τR = R8

hk
τk = ky

hj
τj = Ry

�ii(�)

�ii(�)

a+ûM�`BQ ,
Ç hR `û+H�K2 �

.û`QmH2K2Mi ,
RX hR `û+H�K2 � �mT`ĕb

/2 hj [mB /ûiB2Mi H2
p2``Qm

kX GQ`b[m2 hk Q#iB2Mi H2
p2``Qm- hR H2
`û[mBbBiBQMM2 2i hk
2bi Ŀ #H2bbû2 ŀ U/QM+
�MMmHû2V

R8y

PTiBQM Mêk

hR
τR = R8

hk
τk = ky

hj
τj = Ry

�ii(�)

�ii(�)

�ii(�)

a+ûM�`BQ ,
Ç hR `û+H�K2 �

.û`QmH2K2Mi ,
RX hR Q#iB2Mi H2 p2``Qm

�T`ĕb hj TmBb hk

kX hk 2bi Ŀ #H2bbû2 ŀ
BKKû/B�i2K2Mi 5

R8R



PTiBQM Mêj

hR
τR = R8

hk
τk = ky

hj
τj = Ry

�ii(�)

�ii(�)

�ii(�)

a+ûM�`BQ ,
Ç hR `û+H�K2 �

.û`QmH2K2Mi ,
RX hR T`û2KTi2 � �m

/ûi`BK2Mi /2 hk

kX hR `û+H�K2 � �mT`ĕb
/2 hj b2mH2K2Mi

jX hk `û+H�K2 � �mT`ĕb
/2 hj 2i hR

9X hk 2bi ûT�`;Mû2 5

R8k

o2``QmBHH�;2 ?Bû`�`+?B[m2 2i �`#`2b

G2 p2``Qm /�Mb H� p`�B2 pB2

*QKK2Mi 7QM+iBQMM2 H2 p2``QmBHH�;2 2M T`�iB[m2 \

Ç *?�[m2 bvbiĕK2 2bi mMB[m2
Ç *2`i�BMb bvbiĕK2b M2 ;�`�MiBbb2Mi KāK2 T�b H� bû`B�HBb�#BHBiû

T�` +QM~Bi
Ç A+B , mM2 7�ÏQM UbBKTHB}û2V /2 +QMbB/û`2` H2 T`Q#HĕK2

R8j

1t2KTH2 /2 bvbiĕK2 /2 p2``QmBHH�;2

G2b i`�Mb�+iBQMb bQMi B;MQ`�Mi2b /m Kû+�MBbK2 /2 p2``QmBHH�;2

RX S`Bb2 2M +?�`;2 /2b /2K�M/2b 2i /2b HB#û`�iBQMb /2 p2``Qm
kX kSG bi`B+i , HB#û`�iBQM /2b p2``Qmb ¨ H� +QM}`K�iBQM U+QKKBiV

/2 H� i`�Mb�+iBQM

# verrous 

phase de verrouillage
Temps

lib
é
ra

ti
o

n

R89



a+?ûK� 7QM+iBQMM2H

BD

Programmateur (2)

T1

Table des 

verrous

Programmateur (1)

R(A);W(B)

l(A);R(A);l(B);W(B)...

r(A);w(B)

R88

wQQK bm` H� i�#H2 /2b p2``Qmb

SQBMi /2 pm2 +QM+2Tim2H

A

B

C

D

E

F

..
.

to
u
s
 l
e
s
 o

b
je

ts

Infos de verrouillage pour B

Infos de verrouillage pour C

NULL : objet déverrouillé

R8e

SQBMi /2 pm2 HQ;B[m2

liBHBb�iBQM /ǶmM2 i�#H2 /2 ?�+?�;2

k

..
.

Infos de verrouillage pour A

..
.

A

H

Ç aB HǶQ#D2i 2bi BMi`Qmp�#H2- �HQ`b BH 2bi HB#`2

R8d

SHmb 2M /ûi�BH

1t2KTH2 , BM7Q`K�iBQMb /2 p2``QmBHH�;2 TQm` HǶQ#D2i �

Ç P#D2i , �
Ç JQ/2 /m ;`QmT2 , l
Ç 1M �ii2Mi2 , QmB
Ç GBbi2 , +7X HBbi2 /2b i`�Mb�+iBQMb

B/ i`�Mb KQ/2 �ii \ bpi HB2M
υR hR a MQM !υk !υB(hR)

υk hk l MQM !υj !υD(hk)

υj hj s QmB × !υF(hj)

R83



L�im`2 /2b Q#D2ib ¨ p2``QmBHH2`

".
_2H�iBQM �
_2H�iBQM "
_2H�iBQM *

XXX

Pl

".
L@mTH2i �
L@mTH2i "
L@mTH2i *

XXX

Pl

".
S�;2 �
S�;2 "
S�;2 *

XXX

\

R8N

h�BHH2 /2b Q#D2ib

1bi@BH T`û7û`�#H2 /2 +?QBbB` /2b T2iBib Qm /2b ;`Qb Q#D2ib \

Ç G2 p2``QmBHH�;2 7QM+iBQMM2 /�Mb iQmb H2b +�b
Ç *?QBt /2 ;`Qb Q#D2ib U`2H�iBQMb- 2i+XV ,

Ç S2m /2 p2``Qmb
Ç S2m /2 +QM+m``2M+2

Ç *?QBt /2 T2iBib Q#D2ib UM@mTH2ib- �ii`B#mib- 2i+XV
Ç SHmb /2 p2``Qmb
Ç SHmb /2 +QM+m``2M+2

Rey

_2+?2`+?2 /2 +QKT`QKBb

LQM 5 AH 2bi TQbbB#H2 /Ƕ�pQB` H2b k

Ç hQmi2 /�K2@TBTB +QMM�Bi H� bQHmiBQM

couloir

toilettes

w.c.w.c. w.c. w.c. w.c. w.c.

ReR

1t2KTH2 /2 p2``QmBHH�;2 ¨ ;`�MmH�`Biû KmHiBTH2

�p2+ /2b p2``Qmb /ǶBMi2MiBQM

_" ℓ@ısR, ℓ@sk

iR ik " ℓ@sR ij i9

Rek



lM �mi`2 2t2KTH2

_" ℓ@ısR, ℓ@ıxk

iR ik " ℓ@sR ij i9 " ℓ@xk

Rej

lM K�mp�Bb 2t2KTH2

_" ℓ@xR, ℓ@ıxk

iR ik ij i9 " ℓ@xk

Re9

Zm2 /2pB2Mi H� K�i`B+2 /2 +QKT�iB#BHBiû \

*QKT Aa As a aAs s
Aa
As
a

aAs
s

Re8

J�i`B+2 /2 +QKT�iB#BHBiû

*�b /m p2``QmBHH�;2 ¨ ;`�MmH�`Biû KmHiBTH2

*QKT Aa As a aAs s
Aa o`�B o`�B o`�B o`�B 6�mt
As o`�B o`�B 6�mt 6�mt 6�mt
a o`�B 6�mt o`�B 6�mt 6�mt

aAs o`�B 6�mt 6�mt 6�mt 6�mt
s 6�mt 6�mt 6�mt 6�mt 6�mt

Ree



lM2 MQmp2HH2 /BK2MbBQM

_2H�iBQM 2Mi`2 H2 p2``Qm /ǶmM Q#D2i +QKTQbû 2i H2 p2``Qm /ǶmM
+QKTQb�Mi

S�`2Mi p2``QmBHHû
2M KQ/2

1M7�Mi T2mi āi`2 p2``QmBHHû T�`
H� KāK2 i`�Mb�+iBQM 2M KQ/2

Aa
As
a
aAs
s

Red

GQBb /2 p2``QmBHH�;2 *QKTQb�Mif*QKTQbû

S�`2Mi p2``QmBHHû
2M KQ/2

1M7�Mi T2mi āi`2 p2``QmBHHû T�`
H� KāK2 i`�Mb�+iBQM 2M KQ/2

Aa Aa- a
As Aa- a- As- s- aAs
a [a- Aa] BMmiBH2b
aAs s- As- [aAs]
s �m+mM

Re3

_ĕ;H2b TQm` H2 p2``QmBHH�;2 ¨ ;`�MmH�`Biû KmHiBTH2

RX _2bT2+i2` H2 K�i`B+2 /2 +QKT�iB#BHBiû /û}MB2 TQm` H�
;`�MmH�`Biû KmHiBTH2

kX o2``Qm BMBiB�H bm` H� `�+BM2 /2 HǶ�`#`2- [m2H [m2 bQBi H2 KQ/2
jX G2 Mƾm/ � T2mi āi`2 p2``QmBHHû T�` hB 2M KQ/2 a Qm Aa bB H2

T�`2Mi /2 � 2bi HmB@KāK2 p2``QmBHHû T�` hB 2M KQ/2 As Qm Aa
9X G2 Mƾm/ � T2mi āi`2 p2``QmBHHû T�` hB 2M KQ/2 s- aAs Qm As

bB H2 T�`2Mi /2 � 2bi HmB@KāK2 p2``QmBHHû T�` hB 2M KQ/2 As Qm
aAs

8X hB �/?ĕ`2 �m T`QiQ+QH2 kSG
eX hB T2mi HB#û`2` mM Mƾm/ � ¨ H� b2mH2 +QM/BiBQM [m2 THmb �m+mM

}Hb /2 � M2 bQBi p2``QmBHHû T�` hB

ReN

�mi`2 T`Q#HĕK2 2i b� bQHmiBQM

PTû`�iBQMb /ǶBMb2`iBQM 2i /2 bmTT`2bbBQM
1t2KTH2 ,

� ← bmTT`2bbBQM /2 HǶQ#D2i �
XXX
w
α ← BMb2`iBQM /2 HǶQ#D2i α

Rdy



JQ/B}+�iBQM /2b `ĕ;H2b /2 p2``QmBHH�;2

RX P#i2MB` mM p2``Qm 2t+HmbB7 bm` � �p�Mi b� bmTT`2bbBQM
kX GQ`b /2 HǶBMb2`iBQM /2 α T�` hB- hB Q#iB2Mi bvbiûK�iB[m2K2Mi

mM p2``Qm 2t+HmbB7 bm` α

RdR

1M+Q`2 mM T`Q#HĕK2 , H2b H2+im`2b 7�MiƬK2b

1t2KTH2

Ç aQBi mM2 `2H�iBQM _UA.- LPJ- ĘV
Ç KmMB2 /2 H� +QMi`�BMi2 /ǶBMiû;`Biû , A. 2bi mM2 +Hû
Ç 2i p2``QmBHHû2 T�` M@mTH2i

_ A. LPJ Ę
iR yR /2 :�mHH2 Ę
ik yk SQKTB/Qm Ę

Rdk

a+ûM�`BQ

Ç hR , BMb2`iBQM /2 ⟨ F + R- o:1- Ę⟩ /�Mb _
Ç hk , BMb2`iBQM /2 ⟨ F + R- JBii2``�M/- Ę⟩ /�Mb _

hR hk
ℓ@sR(iR) ℓ@sk(iR)

ℓ@sR(ik) ℓ@sk(ik)

oû`B7X +QMi`�BMi2 oû`B7X +QMi`�BMi2
XXX XXX
AMb2`iX ij = ⟨ yj- o:1- Ę⟩

AMb2`iX ij = ⟨ yj- JBii2``�M/- Ę⟩

Rdj

aQHmiBQM

Ç liBHBb2` mM2 ?Bû`�`+?B2 /ǶQ#D2ib 2i H2 p2``QmBHH�;2 ¨ ;`�MmH�`Biû
KmHiBTH2

Ç �p�Mi HǶBMb2`iBQM /ǶmM Mƾm/- p2``QmBHH2` bQM T�`2Mi 2M KQ/2 s

_" ℓ@xB

iR ik ij i9

Rd9



_2iQm` bm` HǶ2t2KTH2

hR hk
yR ℓ@xR(_)

yk [ℓ@xk(_)]

yj oû`B7X +QMi`�BMi2
y9 AMb2`iX ⟨ yj- o:1- Ę⟩
y8 m(_)

ye ℓ@xk(_)

yd oû`B7X +QMi`�BMi2
y3 PmTb 5 A.4yj /ûD¨ /�Mb _ 5

Rd8

o2``QmBHH�;2 /ǶBM/2t

liBHBb2` HǶBM/2t THmiƬi [m2 H� `2H�iBQM _

IU_- A.V " ℓ@xB

yy ≤A.< Ry

A.4yR A.4yj Ę

Ry ≤A.< ky

A.4Rk Ę

Ę

Ç o2``QmBHH�;2 /ǶmM Mƾm/ BMi2`Kû/B�B`2 \
Ç :ûMû`�HBb�iBQM ¨ THmbB2m`b BM/2t2bĘ

Rde

�p2+ H2b �`#`2b

Ç .�Mb mM �`#`2 "- iQmb H2b Q#D2ib bQMi �++2bbB#H2b ¨ T�`iB` /2 H�
`�+BM2- 2M bmBp�Mi H2b `û7û`2M+2b

� " tB

" " tB

. " tB

1 6

*

Ç S2mi@QM HB#û`2` � bB HǶQM MǶ2M � THmb #2bQBM \

Rdd

S`BM+BT2

S`Q;`2bbBQM ¨ H� 7�ÏQM /ǶmM2 û+?2HH2 /2 i`�+iBQM

�

" " tB

. " tB

1 6

*

Rd3



o2``QmBHH�;2 �`#Q`2b+2Mi

SQm`[mQB Ï� 7QM+iBQMM2 \

Ç >vTQi?ĕb2b
RX hQmi2b H2b hB /û#mi2Mi ¨ H� `�+BM2
kX o2``Qmb 2t+HmbB7b

Ç hB → hD c /QM+ hB p2``QmBHH2 H� `�+BM2 �p�Mi hD

�

"

. (hB → hD)

1 6

*

Ç Î� K�`+?2 KāK2 bB HǶQM MǶ2Mi`2 T�b T�` H� `�+BM2

RdN

S`QiQ+QH2 �`#Q`2b+2Mi �p2+ p2``Qmb 2t+HmbB7b

G2b `ĕ;H2b

RX G2 T`2KB2` p2``Qm /2 hB 2bi TQbû bm` mM Mƾm/ [m2H+QM[m2
kX 1MbmBi2- mM Mƾm/ � T2mi āi`2 p2``QmBHHû bB H2 T�`2Mi /2 � 2bi

p2``QmBHHû T�` hB

jX G2b Mƾm/b T2mp2Mi āi`2 HB#û`ûb MǶBKTQ`i2 [m�M/
9X �T`ĕb HB#û`�iBQM T�` hB- mM Mƾm/ M2 T2mi THmb āi`2 p2``QmBHHû

T�` hB

Ç _2K�`[m2b ,
Ç oBQH�iBQM /2 kSG
Ç S`QiQ+QH2 +Q``2+i Ubȿ`V +�` BH `2TQb2 bm` H2 T�`+Qm`b /Ƕ�`#`2

R3y

lb�;2 ivTB[m2 /m T`QiQ+QH2 �`#Q`2b+2Mi

AM/2t , +QMi`ƬH2 /Ƕ�++ĕb /�Mb mM �`#`2 "f"Y

νy

νR

νj

ν9 ν8

νk

Ç § HǶBMb2`iBQM- H2 p2``Qm 2bi T`ûb2`pû bB H2 Mƾm/ MǶ2bi T�b bȿ`
Ç T�b /2 /ûT�bb2K2Mi /2 +�T�+Biû Mû+2bbBi�Mi mM2 /BpBbBQM

R3R

S`QiQ+QH2 �`#Q`2b+2Mi �p2+ p2``Qmb T�`i�;ûb

_ĕ;H2b TQm` p2``Qmb T�`i�;ûb 2i 2t+HmbB7b \

� "/ u@sR

" "/ u@xR

. " ℓ@sR

1 6 [ℓ@xR]

*

R3k



*Q?�#Bi�iBQM /2b p2``Qmb T�`i�;ûb 2i 2t+HmbB7b

� "/ u@sR

" "/ u@xR

. " ℓ@sR

1 6 "[ℓ@xR]

*

Ç G2+im`2b /2 hk ,
Ç S�`+Qm`b �→ "→ .→ 6
Ç " KQ/B}û T�` hR
Ç 6 T�b 2M+Q`2 KQ/B}û T�` hR

R3j

S`QiQ+QH2 �`#Q`2b+2Mi �p2+ p2``Qmb a 2i s

_2K�`[m2b

Ç "2bQBM /2 /û}MB` mM T`QiQ+QH2 THmb `2bi`B+iB7
Ç lM2 7QBb [m2 hR � p2``QmBHHû mM Q#D2i 2M KQ/2 2t+HmbB7- iQmb H2b

p2``Qmb /m bQmb@�`#`2 /QBp2Mi û;�H2K2Mi āi`2 /2b p2``Qmb s

Ç 1i@+2 [m2 Ï� 7QM+iBQMM2 \

R39

S�` HǶ2t2KTH2

� "/ u@sR

" "/ u@xR

. " ℓ@xR

1 6 "[ℓ@xR]

*

Ç G2+im`2b /2 hk ,
Ç S�`+Qm`b �→ "[→ .→ 6]
Ç o2``Qm ℓ@sk(.) 2M �ii2Mi2

R38

o2``QmBHH�;2 T?vbB[m2



§ T`QTQb /2 p2``QmBHH�;2

Zm2 p2``QmBHH2@i@QM `û2HH2K2Mi \
Ę

R3e

1t2KTH2

Zm2 p2``QmBHH2@i@QM `û2HH2K2Mi \

hB , XXX
G2+im`2 /m M@mTH2i iR
XXX
JBb2@¨@DQm` /m M@mTH2i ik
XXX
JBb2@¨@DQm` /m M@mTH2i ij
XXX

Ç o2``QmBHH�;2 �m MBp2�m /2b M@mTH2ib

R3d

1M T`�iB[m2

*mBbBM2 BMi2`M2

t1

t2

t3

S`Q#HĕK2 ,
G2 p2``Qm T�`i�;û /2 iR `Bb[m2
/Ƕ2KTā+?2` mM2 KBb2@¨@DQm` /2 ik U[mB
TQm``�Bi Mû+2bbBi2` mM2 `ûQ`;�MBb�iBQM
/2 H� T�;2V

R33

aQHmiBQM

h`�p�BHH2` H� "/. ¨ /2mt MBp2�mt

Ç LBp2�m bmTû`B2m` ,
Ç �+iBQMb bm` H2b M@mTH2ib
Ç o2``Qmb /2 M@mTH2ib
Ç �+iBQMb _27�B`2f.û7�B`2 ě HQ;B[m2b

Ç 1t2KTH2 TQm` HǶBMb2`iBQM /m M@mTH2i (t, v, x)
Ç _27�B`2 , BMb2`i Ut-v-xV
Ç .û7�B`2 , /2H2i2

R3N



amBi2

"/. ¨ k MBp2�mt

Ç LBp2�m BM7û`B2m`
Ç 1M +?�`;2 /2b T`ûQ++mT�iBQMb /ǶQ`;�MBb�iBQM T?vbB[m2
Ç o2``QmBHH�;2 2z2+iB7 /2 H� T�;2 T2M/�Mi HǶ�+iBQM
Ç 1i HB#û`�iBQM �T`ĕb HǶ�+iBQM

RNy

A/2MiBiû T?vbB[m2 pbX B/2MiBiû HQ;B[m2

_2K�`[m2

Ç lM2 �+iBQM Ŀ .û7�B`2 ŀ M2 `2K2i T�b H� "/. /�Mb bQM ûi�i
T?vbB[m2 Q`B;BM2H

Ç 1t2KTH2

t1

t2
t2

t1

t3

t2

t1

Insertion t3 Défaire1 2

RNR

CQm`M�HBb�iBQM /2b �+iBQMb HQ;B[m2b

Ç lM2 �+iBQM HQ;B[m2 K2i ivTB[m2K2Mi 2M D2m mM2 T�;2 2MiBĕ`2
Ç G2b 2Mi`û2b /m DQm`M�H /2b BK�;2b �p�Mif�T`ĕb bTû+B}2Mi /2b

�+iBQMb HQ;B[m2b .û7�B`2f_27�B`2
Ç .û} , `2M/`2 H2b �+iBQMb B/2KTQi2Mi2b
Ç 1t2KTH2 /2 +�b ¨ T`Q#HĕK2 ,

`27�B`2 mM2 BMb2`iBQM ⇒ +Hûb BMbû`û2b THmbB2m`b 7QBb 5

RNk

aQHmiBQM

�DQmi /ǶmM MmKû`Q /2 bû[m2M+2 /m DQm`M�H
GQ; a2[m2M+2 LmK#2`

Ç 1M`2;Bbi`2K2Mi /2 DQm`M�H ,
Ç GaL 4 ke
Ç PS 4 ALa1_h (8, pk) /�Mb T�;2 T
Ç Ę

(3, v1)

sem LSN=25 ...

(3, v1)

sem LSN=26 ...

(5, v2)

RNj



PmB K�BbĘ

AH v � 2M+Q`2 mM T`Q#HĕK2 5

(3, v1)

sem LSN=24 ...

(3, v1)

sem LSN=25 ...

(3, v1)

sem LSN=26 ...

(5, v3)

(3, v1)

sem LSN=?? ...

(4, v2) (5, v3)

(4, v2)

T1 suppr. 4 T2 ins. 5 Défaire suppr. 41 2 3

Ç *`û2` mM2 2Mi`û2 /2 DQm`M�H TQm` HǶ�+iBQM /û7�B`2 , GaL 4 kd

RN9

1M`2;Bbi`2K2Mi /2 +QKT2Mb�iBQM

Ç 1M`2;Bbi`2K2Mi BM/B[m�Mi H2b �+iBQMb Ŀ .û7�B`2 ŀ
Ç UBMmiBH2 TQm` H2b �+iBQMb Ŀ _27�B`2 ŀV
Ç _2K�`[m2 , H2 Kû+�MBbK2 /2 +QKT2Mb�iBQM M2 ;�`�MiBi T�b

HǶB/2MiBiû T?vbB[m2 /2 H� T�;2

RN8

1t2KTH2 , ¨ H� `2T`Bb2

CQm`M�H

Ę
⟨GaL = kR,hR, �R, TR⟩

Ę
⟨GaL = kd,hR, �k, Tk⟩

Ę
⟨GaL = j8,hR, �−R

k , Tk⟩
Ę

RNe

amBi2 /2 HǶ2t2KTH2

Zm2 7�B`2 /2 Tk UT2M/�Mi HǶ�MMmH�iBQM /2 hRV

Ç aB GaL(Tk) < kd- �HQ`b Ę \
Ç aB kd ≤ GaL(Tk) < j8- �HQ`b Ę \
Ç aB GaL(Tk) ≥ j8- �HQ`b Ę \

_2K�`[m2 , GaL(Tk) 2bi H2 MmKû`Q /2 bû[m2M+2 /m DQm`M�H �z2+iû
¨ H� T�;2 Tk bm` /Bb[m2

RNd



ai`�iû;B2 /2 `2T`Bb2 �p2+ DQm`M�HBb�iBQM HQ;B[m2

[R] _2+QMbi`mB`2 HǶûi�i �m i2KTb /2 H� T�MM2

Ç h`Qmp2` H2 /2`MB2` TQBMi /2 `2T`Bb2 p�HB/2 *ESh- �p2+ A
HǶ2Mb2K#H2 /2 b2b i`�Mb�+iBQMb �+iBp2b

Ç S�`+Qm`B` H2 DQm`M�H /2 *ESh ¨ H� }M ,
Ç SQm` +?�[m2 2Mi`û2 /2 DQm`M�H ⟨GaL, T⟩- 7�B`2

aB GaL(T) < GaL �HQ`b _27�B`2
Ç aB HǶ2Mi`û2 /2 DQm`M�H 2bi /û#mi h Qm +QKKBi h- K2ii`2 ¨ DQm`

A

RN3

ai`�iû;B2 /2 `2T`Bb2 �p2+ DQm`M�HBb�iBQM HQ;B[m2 UbmBi2V

[k] �MMmH2` H2b i`�Mb�+iBQMb MQM +QM}`Kû2b

Ç GǶ2Mb2K#H2 A +QMiB2Mi H2b i`�Mb�+iBQMb ¨ �MMmH2`
Ç S�`+Qm`B` H2 DQm`M�H /2 H� }M ¨ *ESh ,

Ç SQm` +?�[m2 2Mi`û2 /2 DQm`M�H Ub�m7 H2b 2Mi`û2b Ŀ /û7�B`2 ŀV
/ǶmM2 i`�Mb�+iBQM /2 A- /û7�B`2 HǶ�+iBQM 2i ;ûMû`2` mM2 2Mi`û2
Ŀ /û7�B`2 ŀ

Ç SQm` H2b i`�Mb�+iBQMb /2 A MQM BMiû;`�H2K2Mi �MMmHû2b- HB`2
H2m`b 2Mi`û2b /2 DQm`M�H �Miû`B2m`2b ¨ *ESh 2i /û7�B`2 H2b
�+iBQMb UYHQ;V

RNN

1t2KTH2 , +2 [mǶBH 7�mi 7�B`2 �T`ĕb mM2 T�MM2

*ESh
Ę

⟨GaL = kR,hR, �R, TR⟩
Ę

⟨GaL = kd,hR, �k, Tk⟩
Ę

⟨GaL = kN,hR, �j, Tj⟩
Ę

Ę
⟨GaL = jR,hR, �−R

j , Tj⟩
Ę

⟨GaL = j8,hR, �−R
k , Tk⟩

Ę

kyy

amBi2 /2 HǶ2t2KTH2

S2M/�Mi HǶ�MMmH�iBQM- M2 T�b +QMbB/û`2` H2b 2M`2;Bbi`2K2Mib
TQm` /û7�B`2

Ç *?�[m2 2M`2;Bbi`2K2Mi +QKTQ`i2 û;�H2K2Mi ,
Ç lM TQBMi2m` �``Bĕ`2 p2`b HǶ2M`2;Bbi`2K2Mi T`û+û/2Mi /2 H�

i`�Mb�+iBQM
Ç *?�[m2 2M`2;Bbi`2K2Mi TQm` /û7�B`2 +QKTQ`i2 û;�H2K2Mi ,

Ç lM TQBMi2m` �``Bĕ`2 p2`b HǶ2M`2;Bbi`2K2Mi /2 HǶ�+iBQM
+Q``2bTQM/�Mi2

kyR



A/û2 bBKBH�B`2 , H2b b�;�b

Ç �+iBpBiû /2 HQM;m2 /m`û2 , hR;hk; . . .hM

Ç § +?�[m2 ûi�T2fi`�Mb�+iBQM hB +Q``2bTQM/ mM2 i`�Mb�+iBQM /2
+QKT2Mb�iBQM h−R

B
Ç �iQKB+Biû bûK�MiB[m2 , 2tû+miBQM /2 HǶmM2 /2b +QK#BM�BbQMb

bmBp�Mi2b
Ç hR;hk; . . .hM
Ç hR;hk; . . .hM−R;h−R

M−R;h−R
M−k; . . .h−R

R
Ç hR;hk; . . .hM−k;h−R

M−k;h−R
M−j; . . .h−R

R
Ç Ę
Ç hR;h−R

R
Ç ∅

kyk

�m@/2H¨ /2 H� bû`B�HBb�#BHBiû

G2 T`Q#HĕK2 /2b Ŀ /QMMû2b b�H2b ŀ

hR hk
R ℓR(�); `R(�);�← +Ryy
k rR(�); ℓR("); mR(�)

j ℓk(�); `k(�);�← ×k
9 rk(�)

8 `R(")

e �"P_h
d mR(")

3 ℓk("); mk(�); `k(");"← ×k
N rk("); mk(")

�4k8 "4k8

Rk8

k8y

8y
k8y 8y

kyj

_ûT�`�iBQM 2i +QMi`ƬH2 /2 +QM+m``2M+2

hB hD
XXX XXX

rB(�)
XXX

XXX `D(�)
XXX *PJJAh hD

�"P_h hB
XXX

Ç *PJJAh MQM T2`bBbi�Mi
Ç hD MǶ2bi T�b /m`�#H2 5

aQHmiBQM , H2b TH�Mb `ûT�`�#H2b

ky9



lM �mi`2 T`Q#HĕK2

hB hD
XXX XXX

rB(�)
XXX

XXX `D(�)
XXX rD(")

�"P_h hB
XXX

XXX [*PJJAh hD]

Ç �MMmH�iBQM 2M +?�ŗM2 5

aQHmiBQM , H2b TH�Mb /2 T`ûp2MiBQM /2b �MMmH�iBQMb 2M +?�ŗM2

ky8

1i TQm`i�MiĘ

SH�M bû`B�HBb�#H2 T�` +QM~Bi

Ç hB → hD

Lû�MKQBMb- +2 MǶ2bi T�b mM TH�M `ûT�`�#H2

kye

G2b #2bQBMb

Ç S`2M/`2 mM2 /û+BbBQM Ŀ /û}MBiBp2 ŀ TQm` +?�[m2 i`�Mb�+iBQM ,
Ç *QM}`K�iBQM U+QKKBiV , H2 bvbiĕK2 +2`iB}2 [m2 H� i`�Mb�+iBQM

bǶ2bi i2`KBMû2 Qm p� b2 i2`KBM2`- [m2HH2b [m2 bQB2Mi b2b �+iBQMb
Ç �MMmH�iBQM U�#Q`iV , H2 bvbiĕK2 +2`iB}2 [m2 H� i`�Mb�+iBQM � ûiû

Qm b2`� �#�M/QMMû2- bQM 2z2i bm` H� ". ûi�Mi �MMmHû

kyd

�+iBQMb /2 TH�M

AMi`Q/m+iBQM /2 /2mt �+iBQMb bmTTHûK2Mi�B`2b

Ç +B , H� i`�Mb�+iBQM hB 2bi +QM}`Kû2
Ç �B , H� i`�Mb�+iBQM hB 2bi �MMmHû2

ky3



_2iQm` bm` HǶ2t2KTH2

hB hD
XXX XXX

rB(�)
XXX

XXX `D(�)
XXX XXX
XXX +D

S2mi@QM +QM}`K2` �m TQBMi +D \

kyN

G2+im`2 2i /ûT2M/�M+2

.û}MBiBQM T`ûHBKBM�B`2
hD HBi hB /�Mb S- MQiû hB ⇒S hD bB

RX rB(�) <S `D(�)

kX �B <S/ `D(�)

jX bB [rB(�) <S rF(�) <S `D(�)]- �HQ`b (�F <S `D(�))

kRy

.û}MBiBQM BKTQ`i�Mi2

SH�M `ûT�`�#H2 U`2+Qp2`�#H2V
lM TH�M S 2bi `ûT�`�#H2 ¨ H� +QM/BiBQM bmBp�Mi2 ,

aB (hB ⇒S hD) ∧ (B ̸= D) ∧ (+D ∈ S) �HQ`b (+B <S +D)

kRR

_2K�`[m2

G2b H2+im`2bfû+`Bim`2b T`û+ĕ/2Mi H� +QM}`K�iBQMf�MMmH�iBQM

Ç aB +B ∈ hB- �HQ`b
Ç `B < +B
Ç rB < +B

Ç aB �B ∈ hB- �HQ`b
Ç `B < �B
Ç rB < �B

Ç lM2 b2mH2 �+iBQM /2 ivT2 � Qm + T�` i`�Mb�+iBQM

kRk



"QMM2 [m2biBQM

*QKK2Mi ûH�#Q`2` /2b TH�Mb `ûT�`�#H2b \

kRj

S�` p2``QmBHH�;2

�p2+ kSG

Ç _2i2MB` H2b p2``Qmb 2t+HmbB7b Dmb[mǶ¨ H� }M /2 H� i`�Mb�+iBQM
Ç S`QiQ+QH2 kSG bi`B+i

hB hD
XXX XXX

rB(�)
XXX

XXX XXX
+B

XXX
mB(�)

XXX
XXX `D(�)

kR9

lM TQBMi bm` H2b TH�Mb

Ç SH�M `ûT�`�#H2 , iQmi2 i`�Mb�+iBQM 2bi +QM}`Kû2 �T`ĕb H�
+QM}`K�iBQM /2b i`�Mb�+iBQMb [mǶ2HH2 HBi

Ç SH�M /2 T`ûp2MiBQM /2b �MMmH�iBQMb 2M +?�ŗM2 , iQmi2
i`�Mb�+iBQM M2 HBi [m2 /2b Q#D2ib û+`Bib T�` /2b i`�Mb�+iBQMb
+QM}`Kû2b

Ç SH�M bi`B+i , iQmi2 i`�Mb�+iBQM M2 HBi Qm MǶû+`Bi [m2 /2b Q#D2ib
û+`Bib T�` /2b i`�Mb�+iBQMb +QM}`Kû2b

kR8

a+?ûK� /2 TH�Mb

REP

PAC

ST

SERIE

Ç J�Bb Qɍ bQMi H2b TH�Mb bû`B�HBb�#H2b \

kRe



a+?ûK� /2 TH�Mb fk

REP

PAC

ST

SERIE

SERIALISABLE

kRd

SQm` }t2` H2b B/û2b

1t2KTH2b U�p2+ û+`Bim`2b �p2m;H2bV

Ç TH�M _1S ,
Ç rR(�);rR(");rk(�); `k("); +R; +k

Ç TH�M S�* ,
Ç rR(�);rR(");rk(�); +R; `k("); +k

Ç TH�M ah ,
Ç rR(�);rR("); +R;rk(�); `k("); +k

kR3

S`QiQ+QH2b QTiBKBbi2b

S2bbBKBbi2 pbX QTiBKBbi2

G2b T`QiQ+QH2b T2bbBKBbi2b Up2``QmBHH�;2V

Ç 2KTā+?2Mi H2b ?BbiQB`2b MQM bû`B�HBb�#H2b
Ç M2 T`QpQ[m2Mi T�b /Ƕ�MMmH�iBQM TQm` +�mb2 /2 MQM

bû`B�HBb�#BHBiû- K�Bb T2mp2Mi 2M T`QpQ[m2` 2M +�b /Ƕûi`2BMi2
7�i�H2

Ç +QMpB2MM2Mi T�`iB+mHBĕ`2K2Mi �mt +?�`;2b /2 i`�p�BH �p2+
#2�m+QmT /2 +QM+m``2M+2

G2b T`QiQ+QH2b QTiBKBbi2b

Ç bmTTQb2Mi HǶ?BbiQB`2 bû`B�HBb�#H2
Ç T`QpQ[m2Mi /2b �MMmH�iBQMb bm` /ûi2+iBQM /2 +QM~Bib
Ç +QMpB2MM2Mi T�`iB+mHBĕ`2K2Mi �mt +?�`;2b /2 i`�p�BH

+QKTQ`i�Mi T2m /2 +QM+m``2M+2
kRN



G2b �TT`Q+?2b QTiBKBbi2b

RX o�HB/�iBQM o�HB/�iBQM
kX >Q`Q/�i�;2 mMB[m2 hBK2bi�KT P`/2`BM;
jX >Q`Q/�i�;2 KmHiBTH2 JmHiB@o2`bBQM hBK2bi�KT P`/2`BM;
9X AbQH�iBQM /ǶAMbi�Mi�Mû aM�Tb?Qi AbQH�iBQM

kky

T`QiQ+QH2 T�` o�HB/�iBQM

ai`m+im`2 /2b i`�Mb�+iBQMb
*?�[m2 i`�Mb�+iBQM 2bi /BpBbû2 2M j ûi�T2b ,

RX G2+im`2
Ç hQmi2b H2b p�H2m`b /2 H� "/. bQMi Hm2b
Ç ú+`Bim`2 bm` bmTTQ`i i2KTQ`�B`2
Ç S�b /2 p2``QmBHH�;2

kX o�HB/�iBQM
Ç aû`B�HBb�#BHBiû /m TH�M \
Ç aB MQM- �MMmH�iBQM /2b i`�Mb�+iBQMb U`QHH#�+FV

jX ú+`Bim`2
Ç aB H� p�HB/�iBQM 2bi TQbBiBp2- û+`Bim`2 /�Mb H� "/.

kkR

AMp�`B�Mi TQm` H� p�HB/�iBQM

_2M/`2 �iQKB[m2 HǶûi�T2 /2 p�HB/�iBQM
aB (hR- hk- hj- ĘV 2bi H� bû[m2M+2 /2 p�HB/�iBQM- �HQ`b H2 TH�M b2`�
û[mBp�H2Mi T�` pm2 ¨ Sa = hR;hk;hj; . . .

�bbm`2 H� bû`B�HBb�#BHBiû T�` pm2

kkk

1M T`�iB[m2

AKTHûK2Mi�iBQM /m T`QiQ+QH2 /2 p�HB/�iBQM

Ç G2 bvbiĕK2 /QBi K�BMi2MB` i`QBb 2Mb2K#H2b
Ç ah�_h , i`�Mb�+iBQMb /ûK�``û2b- BX2X MǶ�v�Mi T�b �ii2BMi H�

T?�b2 k
Ç o�G , i`�Mb�+iBQMb +QM}`Kû2b- BX2X �v�Mi T�bbû H� T?�b2 k
Ç 6AL , i`�Mb�+iBQMb i2`KBMû2b- BX2X �v�Mi T�bbû H� T?�b2 j

kkj



1t2KTH2 /2 +2 [m2 H� p�HB/�iBQM /QBi T`ûp2MB`

R(hk) = {"} R(hj) = {�,"}
W(hk) = {",.} W(hj) = {*}

début T2 début T3 T2 validée T3 validée

temps

aBim�iBQM /û7�pQ`�#H2 ,

W(hk) ∩R(hj) ̸= ∅

kk9

1t2KTH2 /2 +2 [m2 H� p�HB/�iBQM /QBi �miQ`Bb2`

R(hk) = {"} R(hj) = {�,"}
W(hk) = {",.} W(hj) = {*}

début T2 début T3 T2 validée T3 validée

temps

fin T2 début T3

aBim�iBQM /û7�pQ`�#H2 ,

W(hk) ∩R(hj) ̸= ∅

kk8

�mi`2 bBim�iBQM [m2 H� p�HB/�iBQM /QBi T`ûp2MB`

R(hk) = {�} R(hj) = {�,"}
W(hk) = {.,1} W(hj) = {*,.}

T2 validée T3 validée

temps

fin T2
w3(D) w2(D)

aBim�iBQM /û7�pQ`�#H2 ,

W(hk) ∩W(hj) ̸= ∅

kke

�mi`2 bBim�iBQM [m2 H� p�HB/�iBQM /QBi �miQ`Bb2`

R(hk) = {�} R(hj) = {�,"}
W(hk) = {.,1} W(hj) = {*,.}

T2 validée T3 validée

temps

fin T2fin T2

aBim�iBQM /û7�pQ`�#H2 ,

W(hk) ∩W(hj) ̸= ∅

kkd



_ĕ;H2b /2 p�HB/�iBQM TQm` hD

RX GQ`b[m2 hD /ûK�``2 H� T?�b2 MêR , A:LP_1(hD)← 6AL
kX § H� p�HB/�iBQM /2 hD ,

aB p�HB/û2UhDV �HQ`b
o�G ← o�G ∪{hD} c
QTû`2` H� T?�b2 Mêj c ff û+`Bim`2
6AL ← 6AL ∪{hD}

kk3

6QM+iBQM /2 p�HB/�iBQM

o�HB/û2UhDV QTû`�iBQM �iQKB[m2 5
SQm` hB ∈ o�G\A:LP_1UhDV- 7�B`2

aB (W(hB) ∩R(hD) ̸= ∅) Qm UhB /∈ 6ALV
�HQ`b _1hl_L 6�mt c

_1hl_L o`�B c

Ç *2ii2 p�HB/�iBQM 2bi@2HH2 i`QT `2bi`B+iBp2 \

kkN

o�HB/�iBQM �KûHBQ`û2

o�HB/û2UhDV
SQm` hB ∈ o�G\A:LP_1UhDV- 7�B`2

aB (W(hB) ∩R(hD) ̸= ∅) Qm
U UhB /∈ 6ALV 2i UW(hB) ∩W(hD) ̸= ∅V V

�HQ`b _1hl_L 6�mt c
_1hl_L o`�B c

kjy

o�HB/�iBQM 4 kSG \

Val

2PL

Val

2PL

2PL
Val

Val
2PL

kjR



PM +QKK2M+2 T�` mM +QMi`2@2t2KTH2

S = rk(");rR(�);rk(�)

Ç S 2bi kSG ,

ℓk(");rk("); ℓR(�);rR(�); mR(�); ℓk(�);rk(�); mk("); mk(�)

Ç S 2bi BMp�HB/2 ,
G2 TQBMi /2 p�HB/�iBQM /2 hk Up�HkV /QBi āi`2 TQbBiBQMMû �p�Mi
rk(")X 1i ûi�Mi /QMMû H2 +QM~Bi bm` �- p�HR < p�HkX *2H�
+QM/mBi ¨ S = p�HR; p�Hk;rk(");rR(�);rk(�)

SQm` `2bT2+i2` H2 T`QiQ+QH2 /2 p�HB/�iBQM- H2b û+`Bim`2b /2 hk
M2 /2p`�B2Mi T�b /û#mi2` �p�Mi [m2 iQmi2b H2b û+`Bim`2b /2 hR
�B2Mi ûiû `û�HBbû2b- +2 [mB MǶ2bi K�MB72bi2K2Mi T�b H2 +�b

kjk

o�HB/�iBQM 2bi mM bQmb@2Mb2K#H2 /2 kSG \

A/û2 /2 T`2mp2 U¨ pû`B}2` 5V

Ç aQBi S mM TH�M T�` p�HB/�iBQM
Ç �DQmi /2b p2``Qmb TQm` +?�[m2 i`�Mb�+iBQM US /2pB2Mi S′V

Ç /û#mi h , /2K�M/2 /2 p2``Qm a TQm` R(h)

Ç p�HB/�iBQM h , /2K�M/2 /2 p2``Qm s TQm` W(h) 2i HB#û`�iBQM
/2b p2``Qmb a TQm` H2b Q#D2ib 2M H2+im`2 b2mH2

Ç }M h , HB#û`�iBQM /2b p2``Qmb s

Ç G2b i`�Mb�+iBQMb bQMi �HQ`b #B2M@7Q`Kû2b 2i kSG
Ç AH 7�mi 2M+Q`2 T`Qmp2` [m2 S′ 2bi Hû;�HĘ

kjj

S′ 2bi@BH Hû;�H \

Ç _�BbQMM2K2Mi T�` HǶ�#bm`/2 , bQBi S′ BHHû;�H c
RX S′ = . . . ℓR(�) . . .rk(�) . . . `R(�) . . . p�HR . . . mk(�) . . .

Ç �m TQBMi p�HR , hk /∈ A:LP_1UhRV c hk ∈ o�G
Ç hR 2bi BMp�HB/2 +�` W(hk) ∩R(hR) ̸= ∅
Ç +QMi`�/B+iBQM 5

kX S′ = . . . p�HR . . . ℓR(�) . . .rk(�) . . .rR(�) . . . mk(�) . . .

Ç PM +QMbB/ĕ`2 [m2 hk p�HB/2 2M T`2KB2` UT`2mp2 bBKBH�B`2 /�Mb
H2b �mi`2b +�bV

Ç �m TQBMi p�HR , hk /∈ A:LP_1UhRV c hk ∈ o�G
Ç hR 2bi BMp�HB/2 +�` Uhk /∈ 6ALV 2i UW(hR) ∩W(hk) ̸= ∅V
Ç +QMi`�/B+iBQM 5

kj9

>Q`Q/�i�;2 mMB[m2

hBK2bi�KT P`/2`BM; UhPV

Ç *?�[m2 i`�Mb�+iBQM `2ÏQBi mM2 2bi�KTBHH2 τ(h)

Ç GǶ2bi�KTBHH2 2bi 7Qm`MB2 T�` ,
Ç HǶ?Q`HQ;2 /m bvbiĕK2- Qm
Ç mM +QKTi2m` mMB[m2- BM+`ûK2Miû T�` H2 T`Q;`�KK�i2m`

kj8



AMp�`B�Mi TQm` HǶ?Q`Q/�i�;2

aû`B�HBb�#BHBiû
GǶQ`/`2 /2b 2bi�KTBHH2b- BX2X H� +?`QMQHQ;B2- /ûi2`KBM2 H� bû[m2M+2
/2b i`�Mb�+iBQMb /�Mb H2 TH�M bû`B2 û[mBp�H2Mi

*QMbû[m2M+2
G2 TH�M T`Q/mBi 2bi û[mBp�H2Mi T�` pm2 ¨ mM TH�M bû`B2X AH 2bi
û;�H2K2Mi `ûT�`�#H2 U2i KāK2 S�*VX

kje

G2b K�`[m2b /m T`QiQ+QH2

§ +?�[m2 Q#D2i s bQMi �bbQ+Bûb ,

Ç _h(s) = HǶ2bi�KTBHH2 /2 H� /2`MBĕ`2 i`�Mb�+iBQM [mB � Hm s
Ç qh(s) = HǶ2bi�KTBHH2 /2 H� /2`MBĕ`2 i`�Mb�+iBQM [mB � û+`Bi s
Ç *(s) = HǶBM/B+�i2m` /2 +QM}`K�iBQM U+QKKBi #BiV , ¨ p`�B bB

H� /2`MBĕ`2 i`�Mb�+iBQM [mB � û+`Bi s 2bi +QM}`Kû2

kjd

S`BM+BT2 /B`2+i2m`

SQm` +?�[m2 �+iBQM `h(s) Qm rh(s)- pû`B}2` �m T`û�H�#H2 H2b
+QM~Bib ,

Ç rl(s) . . . `h(s) , +QKK2Mi /ûi2`KBM2` bB H� H2+im`2 2bi
Tû`BKû2 \

Ç `l(s) . . .rh(s) , HǶû+`Bim`2 2bi@2HH2 Tû`BKû2 \
Ç rl(s) . . .rh(s)

A/û2 7Q`+2
GQ`b[m2 h `û+H�K2 7h(s)- BH 7�mi bǶ�bbm`2` [m2 τ(l) ≤ τ(h)

kj3

G2+im`2 Tû`BKû2

h p2mi HB`2 s

bi�`i(h) . . . bi�`i(l) . . .rl(s) . . . `h(s)

_ĕ;H2 MêR
aB qh(s) > τ(h)- �HQ`b h /QBi āi`2 �MMmHû2 5

kjN



ú+`Bim`2 Tû`BKû2

h p2mi û+`B`2 s

bi�`i(h) . . . bi�`i(l) . . . `l(s) . . .rh(s)

_ĕ;H2 Mêk
aB _h(s) > τ(h)- �HQ`b h /QBi āi`2 �MMmHû2 5

k9y

G� HQB /2 h?QK�b

h?QK�bǶ q`Bi2 _mH2

GǶû+`Bim`2 2bi p�H�#H2 /�Mb H2 +�b bmBp�Mi ,

h p2mi û+`B`2 s

bi�`i(h) . . . bi�`i(l) . . .rl(s) . . .rh(s)

_ĕ;H2 Mêj , HQB /Ƕû+`Bim`2 /2 h?QK�b
aB _h(s) ≤ τ(h) 2i qh(s) > τ(h)- �HQ`b BH 2bi m`;2Mi /2 M2 `B2M
7�B`2 5

G� bû`B�HBb�#BHBiû T�` pm2 2bi �bbm`û2 �p2+ H� HQB /2 h?QK�b

k9R

G2 T`QiQ+QH2 T�` ?Q`Q/�i�;2

lM2 i`�Mb�+iBQM h `û+H�K2 mM2 H2+im`2 /2 s
aB qh(s) > τ(h)- �HQ`b �MMmH2` h
aBMQM- HB`2 s 2i K2ii`2@¨@DQm` _h(s) = max(τ(h),_h(s))

lM2 i`�Mb�+iBQM h `û+H�K2 mM2 û+`Bim`2 /2 s
aB _h(s) > τ(h)- �HQ`b �MMmH2` h
aBMQM bB qh(s) > τ(h)- �HQ`b B;MQ`2` HǶû+`Bim`2 2i TQm`bmBp`2 UHQB
/2 h?QK�bV
aBMQM- û+`B`2 s 2i K2ii`2@¨@DQm` qh(s) = τ(h)

aB mM2 i`�Mb�+iBQM pB2Mi ¨ āi`2 �MMmHû2ě�mi`2K2Mi [m2 T�` H2
T`QiQ+QH2 HmB@KāK2ě- H2 T`QiQ+QH2 û+?Qm2 ¨ ;�`�MiB` H� `ûT�`�#BHBiû

k9k

S`Q/mB`2 /2b TH�Mb _1SfS�*

_�TT2H
lM TH�M S�* BKTQb2 [mǶmM2 H2+im`2 M2 bQBi �++2Tiû2 [m2 HQ`b[m2
HǶû+`Bim`2 T`û+û/2Mi2 T`QpB2Mi /ǶmM2 i`�Mb�+iBQM +QM}`Kû2

AM;`û/B2Mi bmTTHûK2Mi�B`2
GǶBM/B+�i2m` /2 +QM}`K�iBQM *(s) T2`K2i 2t�+i2K2Mi /2
+QMb2`p2` H� i`�+2 /2 H� +QM}`K�iBQMěQm MQMě/2 H� /2`MBĕ`2
i`�Mb�+iBQM [mB � û+`Bi s

k9j



G� ;�`�MiB2 S�* Rfk

G2+im`2 b�H2

Ç h p2mi HB`2 s 2i qh(s) < τ(h)

Ç G2b +QM/BiBQMb b2K#H2Mi `ûmMB2b- +2T2M/�MiĘ

bi�`i(l) . . . bi�`i(h) . . .rl(s) . . . `h(s) . . . �#Q`i(l)

aB *(s) = 6�mt- �HQ`b h /QBi �ii2M/`2 [mǶBH T�bb2 ¨ o`�B

k99

G� ;�`�MiB2 S�* kfk

_ûpBbBQM /2 H� HQB /2 h?QK�b

Ç h p2mi û+`B`2 s 2i qh(s) > τ(h)

Ç G2b +QM/BiBQMb b2K#H2Mi `ûmMB2b TQm` M2 `B2M 7�B`2- +2T2M/�MiĘ

bi�`i(h) . . . bi�`i(l) . . .rl(s) . . .rh(s) . . . �#Q`i(l)

aB *(s) = 6�mt- �HQ`b h /QBi �ii2M/`2 [mǶBH T�bb2 ¨ o`�B

k98

G� TH�MMB}+�iBQM T�` ?Q`Q/�i�;2

GQ`b[mǶmM2 i`�Mb�+iBQM h `û+H�K2 `h(s) Qm rh(s)- H2
T`Q;`�KK�i2m` 2t�KBM2 _h(s)- qh(s)- *(s) 2i /û+B/2 /2
`û�HBb2` HǶmM2 /2b QTû`�iBQMb bmBp�Mi2b ,

Ç �++2Ti2` H� /2K�M/2- Qm
Ç �MMmH2` hě2i H� `2DQm2` �p2+ mM2 MQmp2HH2 2bi�KTBHH2ě- Qm
Ç 7�B`2 T�iB2Mi2` h Dmb[mǶ¨ +2 [m2 *(s) = o`�B

k9e

GǶBM/B+�i2m` /2 +QM}`K�iBQM

9 `ĕ;H2b /2 ;2biBQM
§ /û`Bp2` bQB@KāK2 ¨ T�`iB` /m 7QM+iBQMM2K2Mi T`ûb2Miû

k9d



>Q`Q/�i�;2 �p2+ BM/B+�i2m` /2 +QM}`K�iBQM

lM2 i`�Mb�+iBQM h `û+H�K2 mM2 H2+im`2 /2 s
aB qh(s) > τ(h)- �HQ`b �MMmH2` h
aBMQM bB *(s) = 6�mt- �HQ`b �ii2M/`2
aBMQM- HB`2 s 2i K2ii`2@¨@DQm` _h(s) = max(τ(h),_h(s))

lM2 i`�Mb�+iBQM h `û+H�K2 mM2 û+`Bim`2 /2 s
aB _h(s) > τ(h)- �HQ`b �MMmH2` h
aBMQM bB qh(s) > τ(h)- �HQ`b

aB *(s) = 6�mt- �HQ`b �ii2M/`2
aBMQM B;MQ`2` HǶû+`Bim`2 UHQB /2 h?QK�bV

aBMQM- û+`B`2 s 2i K2ii`2@¨@DQm` qh(s) = τ(h) 2i *(s) = 6�mt

k93

GǶ?Q`Q/�i�;2 mMB[m2- 2M `ûbmKû

Ç aû`B�HBb�#H2 T�` pm2
Ç S�*- 2i � 7Q`iBQ`B _1S
Ç b2MbB#H2 �mt H2+im`2b 7�MiƬK2b

Ç ¨ i`�Bi2` bûT�`ûK2Mi- T�` 2t2KTH2 ¨ HǶ�B/2 /2 p2``Qmb /2
T`û/B+�ib

k9N

>Q`Q/�i�;2 KmHiBTH2

JmHiB@o2`bBQM hBK2bi�KT P`/2`BM; UJohPV
/2 H� 7�KBHH2 JmHiB@o2`bBQM *QM+m``2M+v *QMi`QH UJo**V

Ç GQ`b[mǶmM2 i`�Mb�+iBQM h `û+H�K2 `h(s)- K�Bb [m2
qh(s) > τ(h)- �HQ`b h /QBi āi`2 �MMmHû2

A/û2 7Q`+2
*QMb2`p2` /2b ûi�iběp2`bBQMběbm++2bbB7b /2 s ,
si- si−R- si−k- Ę �p2+

τ(si) > τ(si−R) > τ(si−k) > . . .

k8y

.ûi�BHb

§ HǶû+`Bim`2 rh(s)

*`û2` mM2 MQmp2HH2 p2`bBQM- MQiû2 si �p2+ i = τ(h)

§ H� H2+im`2 `h(s)

h`Qmp2` H� p2`bBQM si H� THmb `û+2Mi2 i2HH2 [m2 i < τ(h)

_2K�`[m2b

Ç qh(si) = i 2bi BKKm�#H2
Ç _h(si) 2bi +QMb2`pû- TQm` pû`B}2` H� Hû;�HBiû /2b û+`Bim`2b

amTT`2bbBQM /2 si \
GQ`b[mǶBH 2tBbi2 mM2 p2`bBQM THmb `û+2Mi2 si+F 2i [m2 iQmi2
i`�Mb�+iBQM �+iBp2 � /ûK�``û �T`ĕb i + F BX2X- τ(h) > i + F

k8R



1t2KTH2 U¨ 2KTQ`i2`V

úi�Mi /QMMûb H2b ûi�ib sj- sN- sRk 2i sR3

RX `e(s) , [m2 b2 T�bb2@i@BH \
kX rR9(s) , [m2 b2 T�bb2@i@BH \
jX `R8(s) , [m2 b2 T�bb2@i@BH \
9X r8(s) , [m2 b2 T�bb2@i@BH \

Zm�M/ T2mi@QM bmTT`BK2` sj \

k8k

1t2KTH2 /Ƕ?Q`Q/�i�;2 mMB[m2

hR hk hj h9 �
τ = R8y kyy Rd8 kk8 _h = y- qh = y
R `R(�) _h = R8y
k rR(�) qh = R8y
j `k(�) _h = kyy
9 rk(�) qh = kyy
8 `j(�)

e �"P_h
d `9(�) _h = kk8

k8j

1t2KTH2 /Ƕ?Q`Q/�i�;2 KmHiBTH2

hR hk hj h9 �y �R8y �kyy

τ = R8y kyy Rd8 kk8 _h = y-
qh = y

R `R(�) _h = R8y
k rR(�) L1q
j `k(�) _h = kyy
9 rk(�) L1q
8 `j(�) _h = kyy
e `9(�) _h = kk8

k89

AbQH�iBQM /ǶBMbi�Mi�Mû

aM�Tb?Qi AbQH�iBQM UaAV

lM �T2`Ïm

Ç *?�[m2 i`�Mb�+iBQM `2ÏQBi mM2 2bi�KTBHH2 τ(h)

Ç G� i`�Mb�+iBQM h pQBi mM2 BK�;2 �m i2KTb τ(h) /2 H� "/.
Ç G2b +QM~Bib r/r bQMi `ûbQHmb T�` H� ŀ `ĕ;H2 /2 H� T`2KBĕ`2

+QM}`K�iBQM ŀ
Ç H� i`�Mb�+iBQM T2`/�Mi2 2bi �MMmHû2

Ç G2b +QM~Bib `/r 2i r/` bQMi Tm`2K2Mi B;MQ`ûb 5
Ç GQ`b[m2 h 2bi +QM}`Kû2- b2b T�;2b b�H2b bQMi û+`Bi2b bm`

/Bb[m2

k88



.ûi�BHb

Ç .2 H� 7�KBHH2 /2b Jo**
Ç SQm` +?�[m2 Q#D2i s , si- si−R- si−k- Ę

Ç GQ`b[m2 h HBi s- 2HH2 HBi 2M 7�Bi sτ(h)

Ç GQ`b[m2 h û+`Bi s- TQm` T`ûp2MB` H2b KBb2b ¨ DQm` T2`/m2b ,
Ç aB H� /2`MBĕ`2 p2`bBQM /2 s 2bi sτ (h)- �HQ`b QF
Ç aB *(s) = o`�B- �HQ`b �MMmH2` h
Ç aB *(s) = 6�mt- �HQ`b �ii2M/`2

Ç GQ`b[m2 h 2bi +QM}`Kû2- `û�HBb2` H2b û+`Bim`2b bm` /Bb[m2

k8e

am` [m2H[m2b T`QT`Bûiûb

Ç S�b /2 H2+im`2 b�H2 , TQm`[mQB \
Ç S�b /2 H2+im`2 mMB[m2 , TQm`[mQB \
Ç S�b /2 KBb2@¨@DQm` T2`/m2- ;`�+2 ¨ H� `ĕ;H2 /2 H� T`2KBĕ`2

+QM}`K�iBQM

S�` �BHH2m`b ,

Ç �m+mM2 H2+im`2 MǶ2bi `2TQ`iû2

J�H;`û iQmi ,

Ç AH bm#bBbi2 /2b +QM~Bib `/r 5

k8d

GǶû+`Bim`2 #B�Bbû2

q`Bi2 aF2r
hR ,

GB`2(s) c aB s ≥ 8y
�HQ`b u = −8y c ú+`B`2(u)

*PJJAh

hk ,
GB`2(u) c aB u ≥ 8y

�HQ`b s = −8y c ú+`B`2(s)

*PJJAh
GǶ?BbiQB`2 DQmû2 ,

`R(s), `k(u),rR(u),rk(s), +R, +k

�p2+ s = 8y 2i u = 8y- HǶ2tû+miBQM bQmb aA /QMM2 s = −8y 2i
u = −8y
*2 TH�M MǶ2bi T�b bû`B�HBb�#H2 55

k83

*QKK2Mi�B`2 ;ûMû`�H

*QMi`ƬH2 /2 +QM+m``2M+2 QTiBKBbi2
�/�Tiû ¨ +2`i�BM2b bBim�iBQMb ,

Ç +QM~Bib `�`2b
Ç �#QM/�M+2 /2 `2bQm`+2b �HHQmû2b �m bvbiĕK2
Ç +QMi`�BMi2b /2 i2KTb `û2H

*QKT`QKBb

Ç i`�Mb�+iBQMb 2M H2+im`2 b2mH2 , hPfJohPfo�GfaA
Ç i`�Mb�+iBQMb 2M H2+im`2@û+`Bim`2 , kSG

k8N



.�Mb H2b bvbiĕK2b

JûKQ
hQmDQm`b b2 `û7û`2` ¨ H� /Q+mK2Mi�iBQM 5

Ç ."k , kSG bi`B+i UakSGV
Ç aZG a2`p2` ,

Ç akSG TQm` H2b 9 MBp2�mt /ǶBbQH�iBQM aZG
Ç Jo** TQm` mM2 BKTHûK2Mi�iBQM /2 aA

Ç P`�+H2 , akSG Y aA TQm` H2 KQ/2 bû`B�HBb�#H2 5
Ç SQbi;`2aZG , aA 2i- `û+2KK2Mi- aA bû`B�HBb�#H2 UaaAV 5

key

avMi?ĕb2 ;ûMû`�H2

h`�Mb�+iBQMb 2i +QMi`ƬH2 /2 +QM+m``2M+2
úim/2 /2b Kû+�MBbK2b miBHBbûb 2M T`�iB[m2

Ç CQm`M�HBb�iBQM lM/Qf_2/Q
Ç S`QiQ+QH2 T�` p2``QmBHH�;2 , kSG- akSG
Ç :`�MmH�`Biû KmHiBTH2
Ç S`QiQ+QH2 �`#Q`2b+2Mi UTQm` H2b BM/2t2bV
Ç S`QiQ+QH2b QTiBKBbi2b , hP- JohP- o�G- aA

keR


