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1 Effective behavior of unidirectional composites

1.1 Longitudinal behavior

It is commonly admitted and verified that the simple following mixture rule
provides a good estimation in the longitudinal direction. This model is based
on the perfect matching of deformations of both the matrix and the fibers
along the fibers direction, when the material is loaded along the fibers direc-
tion. One can easily check that:

Bl =ViE;+ (1= V) Ep (1)

1.2 Transverse behavior

When the UD is mechanically loaded along the transverse direction, the
situation is more complex and oversimplifying assumptions such as the serial
model (parallel layers of fibres and matrix) give poor results:
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As shown on figure 1.2, this law provides quite bad results for most fiber
fractions and other models should better be employed. Among them, the
so-called dit horizontal model
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Figure 1: Estimations of the transverse modulus of a UD in terms of the
fiber volume fraction.

2 Linear Elasticity

c=C:e <= V(7 0ij = Cijricik (5)

2.1 Elasticity Matrix

The elasticity tensor, after accounting for the various symmetries, exhibits 21
independent components that enable to describe the most general anisotropic
behavior of a material. They result from both the symmetry of the stress and
strain tensors and of the so-called Onsager symmetries due to the properties
of the elastic strain energy density.

It therefore can be represented by a symmetric (6 x 6) matrix.

2.1.1 Vectorial notations

To do so, on uses the vectorial notation for o and e that accounts for the
symmetry of those tensors. They exhibit 6 independant components that
have to be ordered according to a certain logic.



In the scope of this course, we’ll adopt the following convention:

- stress vector:

T{o} = < ou1,09,083, V2031, V2093, V2012 >
= < 0—170_270_37\/50—47\/50_57\/50—6 >

- strain vector

T{e} = < e, e, 633, V231, V2603, V212 >
= < 513827537\/5547\/5557\/556 >

2.1.2 Explanation of this notation: strain energy density W

Wy =0:e=tr(o x €)= Zazjfij
?:7‘7‘

2Wq = 011611 + 022622 + 033633 + 2 [031€31 + 023623 + 012612
= oW, =" {o}-{e}

Remark: This choice is not unique and is not the one generally retained.
We'll find more often
- stress vector:

T ¢~
{6} = < o11,02,033,031,0923,012 >
- strain vector

T (~
{é} = < ei1,€20,€33,2¢e31,2¢e93,2e12 >

This complexifies the base changes techniques discussed after and looses
the symmetry of the problem. Nevertheless, the shape of the constitutive
equations we’ll discuss here will be slightly different of the classical one.

2.1.3 Frame change formula

Case of a rotation of angle 6 around the material axis N;. The rotation

matrix is:

c -5 0
Pl=| S C o
0 0 1



where C' = cosf et S =sin6.

For a (3,3) symmetric matrix A with coefficients A;;, it can be shown

that:

{A}(x7y,z) =17] {A}(N17N17N2)

where
[ C? S2 0
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7] = 0 0 0
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2.1.4 DMatrix form of the constitutive equations
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The 21 coefficients of the elasticity tensor enable to transform the tensorial

realtion into a more convenient matricial form relating {6} and {£}:

{6} = [¢] &}
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2.1.5 Frame
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change une the constitutive equations
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Change from frame Rg to frame R, characterized by an orthogonal matrix

[P] associated to a matrix [T'] for stress and strain vectors.

This leads to

] = ] m



2.2 Orthotropic Material

2.2.1 Compliance matrix

€11 1/E, —vig/E1 —uvi3/E; 0 0 0 i

£922 —1/21/E2 1/E2 —U23/E2 0 0 0

£33 . —1/31/E3 —1/32/E3 1/E3 0 0 0
V2es1 [ 0 0 0 1/(2G23) 0 0
V2¢ea3 0 0 0 0 1/(2G13) 0
V2e19 .0 0 0 0 0 1/(2G12) |

2.2.2 Stiffness matrix

The previous law, written in terms of meaningful physical parameters, can
also be inverted.

T (

(ol [ Ci1 Ci2 Ciz 0 0 0 €11
0922 012 022 023 0 0 0 €22
033 _ Clg 023 C33 0 0 0 €33 (10)
V2031 0 0 0 Cu O 0 V2e31
V2093 0O 0 0 0 Cs5 O V2€93
V2013 ) L 0 0 0 0 0 GCe ] \ V2era )

with the following relations:
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2.3 Transversely isotropic material

This case can be easily understood from the former case. The material axe
of transverse isotropy is assumed to be €.
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2.3.1 Compliance matrix

€11 1/E1 —l/lg/El —V12/E1 0 0 0 (
€99 —v91/E> 1/E, —v93/ Eo 0 0 0
£33 . —1/21/E1 —1/23/E2 1/E2 0 0 0

V2esi [ 0 0 0 ol 0

V2¢e93 0 0 0 0 555 O

V2e1, 0 0 0 0 0 555) |\

2.3.2 Stiffness matrix

Similar to the orthotropic case, only the calculations of the coefficients change.

1 — o332 1 — 13031
Oy =22 gy, o 2L
11 BBy 22 FiE,A 33 22
V91 — V21123 V39 — V12lo1
Clpo=—7—""""",; (Ci3=C19 ; (Cyg=-—"—"=—
12 By B 13 12 23 EibA
Eo
Cyy = Cop — O3 = ; Cs5 = Ces = 2G12
1+ 193
A 1 — 2v19v91 — Vo330 — —2191139113
ELE?

3 Orthotropic plate under plane stress assumption

o1 Qu Q2 0 €1
o2 =| Q2 Q2 0 €2 (12)
V206 0 0 Qes V2eg
Relation with the properties obtained from experiments.
E Ey,
Qu=1— =1 2 Br (13)
LTVTL —VirEr
Er Er Er
Q2 = = 5 By = — Q11 (14)
1 —vrrvre 1 - Viror Er
viTE
Q12 = 1# = vrrQ22 (15)
— VLTVTL




Qes = 2Grr (16)

See formular for the calculation of this matrix when the material axes are not
aligned with the global frame.



